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Sturm-Liouville operators on a finite interval. Consider the BVP L:

`y := −y ′′ + q(x)y = λy , 0 < x < π, q(x) ∈ L(0, π), (1)

U(y) := y ′(0)− hy(0) = 0, V (y) := y ′(π) + Hy(π) = 0.

Let ϕ(x , λ),S(x , λ) be the solutions of Eq. (1) with the conditions
ϕ(0, λ) = 1, ϕ′(0, λ) = h, S(0, λ) = 0, S ′(0, λ) = 1. Denote

∆(λ) := V (ϕ), {λn}n≥0, αn =

∫ π

0
ϕ2(x , λn) dx .

IP 1. (V. Marchenko, 1950). Given {λn, αn}, construct q, h,H.
Consider the BVP L1 for (1) with the conditions y(0) = V (y) = 0.

δ(λ) := V (S), {νn}n≥0.

IP 2. (G. Borg, 1946). Given {λn, νn}, construct q, h,H.
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3) The Weyl function. Let Φ(x , λ) be the solution of Eq.(1) with the
conditions U(Φ) = 1, V (Φ) = 0. We set M(λ) := Φ(0, λ).

IP 3. Given M(λ), construct q, h,H.

M(λ) = − δ(λ)

∆(λ)
, M(λ) =

∞∑
n=0

1

αn(λ− λn)
, (2)

∆(λ) = π(λ0 − λ)
∞∏
n=1

λn − λ
n2

, δ(λ) =
∞∏
n=0

νn − λ
(n + 1/2)2

. (3)

IP 3 is equivalent to IP 1 and IP 2.
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Sturm-Liouville operators on the half-line. Consider the BVP L:

`y := −y ′′ + q(x)y = λy , x > 0, q(x) ∈ L(0,∞), (4)

U(y) := y ′(0)− hy(0) = 0.

Let Φ(x , λ) be the solution of (4) under the conditions

U(Φ) = 1, Φ(x , λ) = O(exp(iρx)), x →∞,

where λ = ρ2, Im ρ ≥ 0. Denote M(λ) := Φ(0, λ).

IP 4. Given M(λ), construct q(x) and h.

M(λ) =

∫ ∞
−∞

dσ(µ)

λ− µ
. (5)
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Transformation operator method: V.Marchenko, B.Levitan, 1950-51.

Let λ = ρ2. The following representation is valid

ϕ(x , λ) = cos ρx +

∫ x

0
G (x , t) cos ρt dt, (6)

q(x) =
d

dx
G (x , x), h = G (0, 0). (7)

Case 1: finite interval. Take a model BVP L̃ with q̃ = 0, h̃ = H̃ = 0.
Then λ̃n = n2, n ≥ 0. Consider the function

F (x , t) =
∞∑
n=0

(
cos ρnx cos ρnt

αn
− cos nx cos nt

α̃n

)

=
1

2πi

∫
γ

cos ρx cos ρtM̂(λ) dλ, M̂ := M − M̃, (8)

α̃n = π/2 (n > 0); α̃0 = π; γ is a contour encircling the spectra of L and L̃.
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Theorem 2. For each fixed x , the kernel G (x , t) from representation (6)
satisfies the linear integral equation

G (x , t) + F (x , t) +

∫ x

0
G (x , s)F (s, t) ds = 0, 0 < t < x . (9)

Case 2: the half-line. Take a model BVP L̃ with q̃(x) = 0, h̃ = 0.
Consider the function

F (x , t) =
1

2πi

∫
γ

cos ρx cos ρtM̂(λ) dλ, (10)

where γ is a contour encircling the spectra of L and L̃.
Theorem 2 remains true with (10) instead of (8).

In both cases q(x) and h can be constructed by (7).
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Higher-order differential equations:

`y := y (n) +
n−2∑
k=0

pk(x)y (k) = λy , n > 2. (11)
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Method of Spectral Mappings for Sturm-Liouville operators

Let the Weyl function M(λ) be given. Choose a model BVP L̃ with q̃ and h̃
(for example, one can take q̃(x) = 0, h̃ = 0 → ϕ̃(x , λ) = cos ρx). Denote

r̃(x , λ, µ) =
〈ϕ̃(x , λ), ϕ̃(x , µ)〉

λ− µ
M̂(µ) =

∫ x

0
ϕ̃(t, λ)ϕ̃(t, µ) dtM̂(µ),

where M̂ := M − M̃, 〈y , z〉 := yz ′ − y ′z .

Theorem 3. The following relation holds

ϕ̃(x , λ) = ϕ(x , λ) +
1

2πi

∫
γ
r̃(x , λ, µ)ϕ(x , µ) dµ. (12)

Here γ is a contour encircling the spectra.
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Consider the Banach space C (γ) of continuous bounded functions
z(λ), λ ∈ γ, with the norm ‖z‖ = sup

λ∈γ
|z(λ)|.

Theorem 4. For each x , Eq. (12) has a unique solution ϕ(x , λ) ∈ C (γ).

Theorem 5. The following relations hold

q(x) = q̃(x)− 2ε′0(x), h = h̃ − ε0(0), (13)

ε0(x) :=
1

2πi

∫
γ
ϕ̃(x , µ)ϕ(x , µ)M̂(µ) dµ.

Algorithm 1. Let the function M(λ) be given.
(1) Choose L̃ and construct ϕ̃ and r̃ .
(2) Find ϕ(x , λ) by solving equation (12).
(3) Construct q(x) and h via (13).
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Proof of Theorem 3. Consider the functions

P11 = ϕΦ̃′ − Φϕ̃′, P12 = Φϕ̃− ϕΦ̃. (14)

Since ϕΦ′ − Φϕ′ = 1, it follows from (14) that

ϕ(x , λ) = P11(x , λ)ϕ̃(x , λ) + P12(x , λ)ϕ̃′(x , λ).

One has
P1k(x , λ)− δ1k = O(ρ−1), |λ| → ∞, λ = ρ2, (15)

where δjk is the Kronecker symbol. For definiteness we consider the case of
the half-line. For a finite interval the arguments are similar.
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Denote by Λ the discrete spectrum; it is a bounded set. In the λ - plane we
consider the contour γ = γ′ ∪ γ′′ (with counterclockwise circuit), where γ′

is a bounded closed contour encircling the set Λ ∪ Λ̃ ∪ {0}, and γ′′ is the
two-sided cut along the arc {λ : λ > 0, λ /∈ int γ′}. Denote
Jγ = {λ : λ /∈ γ ∪ int γ′}. Consider the contour γR = γ ∩ {λ : |λ| ≤ R}
with counterclockwise circuit, and also consider the contour
γ0R = γR ∪ {λ : |λ| = R} with clockwise circuit. By Cauchy‘s integral
formula,

P1k(x , λ)− δ1k =
1

2πi

∫
γ0R

P1k(x , µ)− δ1k
λ− µ

dµ,

where λ ∈ int γ0R . Using (15) we get

lim
R→∞

∫
|µ|=R

P1k(x , µ)− δ1k
λ− µ

dµ = 0 →
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P1k(x , λ) = δ1k +
1

2πi

∫
γ

P1k(x , µ)

λ− µ
dµ, λ ∈ Jγ .

Since ϕ = P11ϕ̃+ P12ϕ̃
′, one has

ϕ(x , λ) = ϕ̃(x , λ) +
1

2πi

∫
γ

ϕ̃(x , λ)P11(x , µ) + ϕ̃′(x , λ)P12(x , µ)

λ− µ
dµ.

Taking (14) into account we get

ϕ(x , λ) = ϕ̃(x , λ) +
1

2πi

∫
γ

(ϕ̃(x , λ)(ϕ(x , µ)Φ̃′(x , µ)− Φ(x , µ)ϕ̃′(x , µ))+

ϕ̃′(x , λ)(Φ(x , µ)ϕ̃(x , µ)− ϕ(x , µ)Φ̃(x , µ))
dµ

λ− µ
.

Using the relations Φ = S + Mϕ, Φ̃ = S̃ + M̃ϕ̃, we arrive at (12), since
the terms with S(x , µ) vanish by Cauchy‘s theorem.
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Higher-order operators, 1985-1986. Consider the equation

`y := y (n) +
n−2∑
k=0

pk(x)y (k) = λy , n > 2. (1)

Let λ = ρn. The ρ- plane can be partitioned into sectors Sν of angle π
n(

Sν := {ρ : arg ρ ∈
(
νπ
n ,

(ν+1)π
n

)
}, ν = 0, 2n − 1

)
in each of which the

roots R1,R2, . . . ,Rn of the equation Rn − 1 = 0 can be numbered in such
a way that

Re(ρR1) < . . . < Re(ρRn), ρ ∈ Sν .

Let Φm(x , λ), m = 1, n, be the solutions of Eq. (1) with the conditions

Φ
(n−ξ)
m (0, λ) = δξm, ξ = 1,m,

Φm(x , λ) = O(exp(ρRmx)), x →∞, ρ ∈ Sν .
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Denote M(λ) = [Mmk(λ)]m,k=1,n, Mmk(λ) = Φ
(n−k)
m (0, λ). The matrix

M(λ) is called the Weyl matrix for `.

Example: n=4.

Φ′′′1 (0, λ) = 1, Φ1(x , λ) = O(exp(ρR1x)),

Φ′′′2 (0, λ) = 0, Φ′′2(0, λ) = 1, Φ2(x , λ) = O(exp(ρR2x)),

Φ′′′3 (0, λ) = Φ′′3(0, λ) = 0, Φ′3(0, λ) = 1, Φ3(x , λ) = O(exp(ρR3x)),

Φ′′′4 (0, λ) = Φ′′4(0, λ) = Φ′4(0, λ) = 0, Φ4(0, λ) = 1,

M(λ) =


1 M12(λ) M13(λ) M14(λ)
0 1 M23(λ) M24(λ)
0 0 1 M34(λ)
0 0 0 1

 .
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Inverse problem. Given the Weyl matrix M(λ), construct `.

Let Γ± := {λ : ±λ ≥ 0}, and Π± be the λ- plane with a cut along Γ±.

Theorem 1. The Weyl matrix M(λ) has the following properties:
1) Mmk(λ) = δmk , m ≥ k .
2) The functions Mmk(λ) are analytic in Π(−1)n−m with the exception of at
most countable bounded sets Λ′mk of poles and are continuous in Π̄(−1)n−m

with the exception of bounded sets Λmk .
3) Mmk(λ) = O(ρm−k) as |λ| → ∞.
4) The functions (Mmk −Mm,m+1Mm+1,k)(λ) are analytic for
λ ∈ Γ(−1)n−m \ Λ, where Λ =

⋃
m,k Λmk .
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Let M(λ) be the Weyl matrix for `. Take a model operator ˜̀. In the
λ-plane we consider the contour γ = γ−1 ∪ γ0 ∪ γ1 (with a
counterclockwise circuit), where γ0 is a bounded closed contour encircling
the set Λ ∪ Λ̃ ∪ {0} (i.e. Λ ∪ Λ̃ ∪ {0} ⊂ intγ0), and γ±1 is a two-sided cut
along the ray {λ : ±λ > 0, λ /∈ intγ0}. Denote

ϕ(x , λ) = [χ((−1)n−k+1λ)Φk(x , λ)]k=2,n,

where χ±1(λ) = 1 for λ ∈ γ0 ∪ γ±1, χ±1(λ) = 0 for λ ∈ γ∓1.

Theorem 2. For each fixed x ≥ 0, the vector ϕ(x , λ) is a solution of the
linear singular integral equation

ϕ̃(x , λ) = Q(λ)ϕ(x , λ) +
1

2πi

∫
γ

H(x , λ, µ)

µ− λ
ϕ(x , µ) dµ, λ ∈ γ, (2)

where Q(λ) and H(x , λ, µ) are constructed from ˜̀ and M(λ).
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Denote Ω(x , λ) = diag [ρn−k exp(−ρRkx)]k=2,n,
γ′′ = {λ : λ ∈ γ1 ∪ γ−1, d(λ, γ0) ≥ α0 > 0}, γ′ = γ \ γ′′, where
d(λ, γ0) := inf |λ− µ|, µ ∈ γ0. We introduce the Banach space
B = Ln−12 (γ′)⊕ Ln−1∞ (γ′′) of vector-valued functions z(λ) = [zj(λ)]j=1,n−1,
λ ∈ γ with the norm

‖z‖B =
n−1∑
j=1

(
‖zj‖L2(γ′) + ‖zj‖L∞(γ′′)

)
.

Theorem 3. For each x ≥ 0, equation (2) has a unique solution in the
class Ω(x , λ)ϕ(x , λ) ∈ B, and sup

x
‖Ω(x , λ)ϕ(x , λ)‖B <∞.

Algorithm. 1) Choose a model operator ˜̀.
2) Construct the matrices H(x , λ, µ),Q(λ), ϕ̃(x , λ), x ≥ 0, λ, µ ∈ γ.
3) Find ϕ(x , λ), x ≥ 0, λ ∈ γ by solving the main equation (2).
4) Construct `.
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Inverse problems for systems: V. Yurko, 2004-2005.

Consider the system

`Y (x) := Q0Y
′(x) + Q(x)Y (x) = ρY (x), x > 0, (1)

Q0 = diag[qk ]k=1,n, Q(x) = [qkj(x)]k,j=1,n, qkk(x) ≡ 0. Let βk = 1/qk .
The ρ- plane can be partitioned into sectors Sj = {ρ : arg ρ ∈ (θj , θj+1)},
j = 0, 2r − 1, 0 ≤ θ0 < θ1 < . . . < θ2r−1 < 2π, in each of which there
exists a permutation ik = ik(Sj) of the numbers 1, . . . , n, such that for the
numbers Rk = Rk(Sj) of the form Rk = βik one has

Re(ρR1) < . . . < Re(ρRn), ρ ∈ Sj . (2)

Let the matrix h = [hξν ]ξ,ν=1,n, det h 6= 0 be given. We introduce the
linear forms U(Y ) = [Uξ(Y )]T

ξ=1,n
by U(Y ) = hY (0).
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Denote Ω0
mk(j1, . . . , jm) = det[hξ,jν ]ξ=1,m−1,k; ν=1,m. Let

Ω0
mm(i1, . . . , im) 6= 0, m = 1, n − 1, j = 0, 2r − 1.

This condition is called the information condition for L = (`,U).

Let Φm(x , ρ) = [Φkm(x , ρ)]T
k=1,n

, m = 1, n, be solutions of system (1)
under the conditions

Uξ(Φm) = δξm, ξ = 1,m,

Φm(x , ρ) = O(exp(ρRmx)), x →∞, ρ ∈ Sj .

Let Mmξ(ρ) = Uξ(Φm), M(ρ) = [Mmξ(ρ)]m,ξ=1,n.

Inverse problem. Given M(ρ), construct Q and h.

Theorem 1. The specification of the Weyl matrix M(ρ) uniquely
determines the potential Q(x) and the matrix h.
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Denote Γj = {ρ : arg ρ = θj}, j = 0, 2r − 1, Γ2r := Γ0, Σ =
2r−1⋃
j=0

Sj -

the ρ-plane without the cuts along the rays Γj . Let
Γ±j = {ρ : arg ρ = θj ± 0} be the sides of the cuts.

Fix j = 0, 2r − 1. For ρ ∈ Γj , strict inequalities from (2) in some places
become equalities. Let mi = mi (j), pi = pi (j), i = 1, s be such that for
ρ ∈ Γj : Re(ρRmi−1) < Re(ρRmi ) = . . . = Re(ρRmi+pi ) < Re(ρRmi+pi+1),
Rk = Rk(Sj). Let Nj := {m : m = m1,m1 + p1 − 1, . . . ,ms ,ms + ps − 1},
Jm := {j : m ∈ Nj}, γm =

⋃
j∈Jm

Γj , and let Σm = C \ γm be the ρ- plane

without the cuts along the rays from γm. Clearly, the domain Σm =
⋃
ν
Smν

consists of the sectors Smν , each of which is a union of several sectors Sj
with the same set {Rξ}ξ=1,m.
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We introduce the functions Bξmk(ρ) by
B0
mk(ρ) = Mmk(ρ), Bξmk(ρ) = Bξ−1mk (ρ)− Bξ−1m,m+ξ(ρ)B0

m+ξ,k(ρ),

ξ = 0, n − 2, m = 1, n − ξ − 1, k = m + ξ + 1, n.

Denote byM the set of functions M(ρ) = [Mmk(ρ)]m,k=1,n such that:
1) Mmk(ρ) ≡ δmk for m ≥ k ;
2) The function Mmk(ρ), k > m, is analytic in Σm with the exception of an
at most countable bounded set Λ′m of poles, and are continuous in Σm with
the exception of a bounded set Λm;
3) The function Bm−ν

νk (ρ) is analytic on
Γj \ Λ′m, j /∈ Jm, 1 ≤ ν ≤ m ≤ n − 1,m + 1 ≤ k ≤ n;

4) Mmk(ρ) = µ0mk(Sj) + O(ρ−1), µ0mk(Sj) =
Ω0
mk(i1, . . . , im)

Ω0
mm(i1, . . . , im)

, ρ ∈ S j .

Theorem 2. If M(ρ) is the Weyl matrix for a pair L = (`,U), then
M(ρ) ∈M.
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Denote Λ := Λ1 ∪ . . . ∪ Λn−1. Let M(ρ) be the Weyl matrix for L = (`,U).
We choose a pair L̃ = (˜̀, Ũ) such that M(ρ)− M̃(ρ) = O(ρ−1), |ρ| → ∞.
In the ρ- plane we consider the contour ω∗ := ω0 ∪ ω1, where ω0 is a
bounded closed contour encircling the set Λ ∪ Λ̃ ∪ {0} (i.e.

Λ ∪ Λ̃ ∪ {0} ⊂ intω0), and ω1 =
2r−1⋃
j=0

ω1
j , ω

1
j := {ρ : ρ ∈ Γj \ ω0}. Denote

ϕ(x , ρ) =

{
[Φ+(x , ρ),Φ−(x , ρ)], ρ ∈ ω1,

Φ(x , ρ), ρ ∈ ω0,

where Φ± := Φ|ω± , ω
± =

2r−1⋃
j=0

ω±j , ω
±
j = Γ±j \ intω0.

We consider the Banach space Bp := {f (ρ) : f (ρ)ρ−1 ∈ Lp(ω∗)}, p > 1
with the norm ‖f ‖Bp := ‖f (ρ)ρ−1‖Lp(ω∗).
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Theorem 3. Let M(ρ) be the Weyl matrix for the pair L = (`,U). The
following relation is valid for ρ ∈ ω∗:

ϕ̃(x , ρ) = ϕ(x , ρ)S(ρ) +
1

2πi

∫
ω∗
ϕ(x , µ)r(x , µ, ρ) dµ, (3)

where S(ρ) and r(x , ρ, µ) are constructed from ˜̀ and M(ρ).

For each fixed x ≥ 0, equation (3) has the unique solution ϕ(x , ρ) in the
class ϕ(x , ρ)D(x , ρ) ∈ Bp for each p > 1; and
sup
x≥0
‖ϕ(x , ρ)D(x , ρ)‖Bp <∞.

Algorithm. 1) Choose a model pair L̃ = (˜̀, Ũ).
2) Construct the matrices r(x , ρ, µ),S(ρ), ϕ̃(x , ρ).
3) Find ϕ(x , ρ) by solving the main equation (3).
4) Construct Q(x) and h.
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Theorem 4. For a matrix M(ρ) ∈M to be the Weyl matrix for a pair
L = (`,U), it is necessary and sufficient that the following conditions are
fulfilled:
1) (asymptotics) there exists a pair L̃ = (˜̀, Ũ) such that
M(ρ)− M̃(ρ) = O(ρ−1), |ρ| → ∞, holds;
2) (condition P) for each fixed x ≥ 0, the main equation (3) has a unique
solution ϕ(x , ρ) in the class ϕ(x , ρ)D(x , ρ) ∈ Bp, p > 1, and
sup
x≥0
‖ϕ(x , ρ)D(x , ρ)‖Bp <∞;

3) ε(x) ∈W , where

ε(x) =
1

2πi

∫
ω

(
Φ(x , µ)A0(µ)Φ̃∗(x , µ)Q0 − Q0Φ(x , µ)A0(µ)Φ̃∗(x , µ)

)
dµ.

Under these conditions the pair L = (`,U) is constructed by the formulae

Q(x) = Q̃(x) + ε(x), h = h̃.
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Inverse Spectral Problems for Sturm-Liouville Operators on Graphs

Yurko V.A. Inverse Problems, 21, no.3 (2005), 1075-1086.

Let T be a compact, simply connected rooted tree in Rm with the root v0,
the set of vertices V = {v0, . . . , vr} and the set of edges E = {e1, . . . , er}.
We suppose that the length of each edge is equal to 1. For two points
a, b ∈ T we will write a ≤ b if a lies on a unique simple path connecting the
root v0 with b; let |b| stand for the length of this path. We will write a < b
if a ≤ b and a 6= b. If a < b we denote [a, b] := {z ∈ T : a ≤ z ≤ b}. If
e = [v ,w ] is an edge, we call v its initial point, w its end point and say
that e emanates from v and terminates at w . We denote by
R(v) := {e ∈ E : e = [v ,w ], w ∈ V } the set of edges emanating from v .
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For any v ∈ V the number |v | is called the order of v . For e ∈ E its order
is defined as the order of its end point. The number σ := maxj=1,r |vj | is
called the height of the tree T . Let V (µ) := {v ∈ V : |v | = µ}, µ = 0, σ
be the set of vertices of order µ, and let
E(µ) := {e ∈ E : e = [v ,w ], v ∈ V (µ−1),w ∈ V (µ)}, µ = 1, σ be the set
of edges of order µ. Each edge e ∈ E is viewed as a segment [0, 1] and is
parameterized by the parameter x ∈ [0, 1]. We choose the following
orientation on each edge e = [v ,w ] ∈ E : if z = z(x) ∈ e, then
z(0) = w , z(1) = v , i.e. x = 0 corresponds to the end point w . We
enumerate the vertices vj as follows: Γ := {v0, v1, . . . , vp} are boundary
vertices, vp+1 ∈ V (1), and vj , j > p + 1 are enumerated in order of
increasing |vj |. We enumerate the edges similarly, namely: ej = [vjk , vj ],
j = 1, r , jk < j . In particular, E := {e1, . . . , ep+1} is the set of boundary
edges; ep+1 = [v0, vp+1] is called the rooted edge of T .
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An integrable function Y on T may be represented as a vector
Y (x) = [yj(x)]j∈J , x ∈ [0, 1], where J := {j : j = 1, r}, and the function
yj(x) is defined on the edge ej . Let q = [qj ]j∈J is an integrable real-valued
function on T which is called the potential. Consider the Sturm-Liouville
equation on T :

−y ′′j (x) + qj(x)yj(x) = λyj(x), x ∈ [0, 1], j ∈ J, (1)

yj(x), y ′j (x) ∈ AC [0, 1] and satisfy the following 2r − p − 1 matching
conditions in each internal vertex vk , k = p + 1, r :

yj(1) = yk(0) for all ej ∈ R(vk),
∑

ej∈R(vk )

y ′j (1) = y ′k(0). (2)

Let L0 be the boundary value problem (BVP) defined by (1)-(3), where

Y|vj = 0, j = 0, p. (3)
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Let Lk , k = 1, p, be the BVP for (1) satisfying (2) and

y ′k(0) = 0, Y|vj = 0, j = 0, p \ k . (4)

Let {λlk}l≥1, k = 0, p, be the eigenvalues of Lk of the form (1)-(3) for
k = 0, and (1), (2), (4) for k = 1, p, respectively.
Let Ψk(x , λ) = [ψkj(x , λ)]j∈J , k = 0, p, be solutions of equation (1)
satisfying (2) and the boundary conditions

Ψk |vj = δkj , j = 0, p. (5)

Let M(λ) = [Mk(λ)]k=1,p, Mk(λ) := ψ′kk(0, λ).

Inverse Problem 1. Given the Weyl vector M, construct q on T .

Inverse Problem 2. Given spectra {λlk}l≥1, k = 0, p, construct q on T .
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The Weyl functions Mk(λ) are meromorphic in λ:

Mk(λ) =
∆k(λ)

∆(λ)
, k = 1, p,

where ∆(λ) and ∆k(λ) are the characteristic functions for L0 and Lk ,
respectively.

Let αlk be the residues of Mk(λ) at the poles λl0.

The data S := {λl0, αlk}l≥1, k=1,p are called the spectral data for L0.

Inverse Problem 3. Given S , construct the potential q on T .
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Local inverse problem. Fix k = 1, p, and consider the following auxiliary
inverse problem on the edge ek :

IP(k). Given Mk(λ), construct qk(x), x ∈ [0, 1].

Theorem 1. If Mk(λ) = M̃k(λ), then qk(x) = q̃k(x) a.e. on [0,1]. Thus,
the specification of the Weyl function Mk uniquely determines the potential
qk on the edge ek .

Using the method of spectral mappings for the Sturm-Liouville operator on
the edge ek one can get a constructive procedure for the solution of the
local inverse problem IP(k).

Pseudo-cutting procedure!
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Let Cj(x , λ), Sj(x , λ), j ∈ J, x ∈ [0, 1] be solutions of Eq. (1) on the edge
ej under the conditions Cj(0, λ) = S ′j (0, λ) = 1, C ′j (0, λ) = Sj(0, λ) = 0.
Denote

M0
kj(λ) = ψ′kj(0, λ), M1

kj(λ) = ψkj(0, λ), k = 0, p, j ∈ J.

Then
ψkj(x , λ) = M1

kj(λ)Cj(x , λ) + M0
kj(λ)Sj(x , λ), (6)

ψkk(x , λ) = Ck(x , λ) + Mk(λ)Sk(x , λ), k = 1, p. (7)
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Problem Z(T, v0, a). Let Ψ = [ψj ]j∈J be the solution of equation (1) on
T satisfying (2) and the boundary conditions

Ψ∣∣∣vj = aδj0, vj ∈ Γ, a ∈ C. (8)

Denote m0
j (λ) = ψ′j(0, λ), m1

j (λ) = ψj(0, λ), j ∈ J. Then

ψj(x , λ) = m1
j (λ)Cj(x , λ) + m0

j (λ)Sj(x , λ). (9)

Substituting (9) into (2) and (8) we obtain a linear algebraic system for
m0

j (λ),m1
j (λ), j ∈ J. The determinant of this system is ∆(λ). Solving this

system by Kramer’s rule we find the transition matrix [m0
j (λ),m1

j (λ)]j∈J for
T with respect to v0 and a.
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Fix vk ∈ V . Denote T 0
k := {z ∈ T : vk < z}, Tk := T \T 0

k . Let Γk be the
set of boundary vertices of Tk . Denote Jk := {j : ej ∈ Tk}. Fix vk /∈ Γ.
Let Ψk(x , λ) = [ψkj(x , λ)]j∈Jk be the solution of (1)-(2), Ψk|vj = δkj on
Tk , vj ∈ Γk ; Mk(λ) := ψ′kk(0, λ), k = p + 1, r is the WF on Tk for vk .
Lemma. Fix vm /∈ Γ. Let ek = [vm, vk ] ∈ R(vm). Then

Mm(λ) =
1

ψkk(1, λ)

∑
ej∈R(vm)

ψ′kj(1, λ). (10)

Denote M0
kj(λ) = ψ′kj(0, λ), M1

kj(λ) = ψkj(0, λ), k = p + 1, r , j ∈ Jk . Then
(6) and (7) hold for k = 1, r , j ∈ Jk , where Jk = J for k = 1, p →

ψ
(ν)
kj (1, λ) = M1

kj(λ)C
(ν)
j (1, λ) + M0

kj(λ)S
(ν)
j (1, λ), (11)

ψ
(ν)
kk (1, λ) = C

(ν)
k (1, λ) + Mk(λ)S

(ν)
k (1, λ). (12)
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Solution of Inverse Problems 1-3. Let us formulate the uniqueness
theorems for the solution of these inverse problems.

Theorem 2. The specification of the Weyl vector M uniquely determines
the potential q on T .

Theorem 3. The specification of the spectra {λlk}l≥1 of the boundary
value problems Lk , k = 0, p uniquely determines the potential q on T .

Theorem 4. The specification of the spectral data S uniquely determines
the potential q on T .

Let the Weyl vector M(λ) = [Mk(λ)]k=1,p for the tree T be given. The
procedure for the solution of Inverse Problem 1 consists in the realization
of the so-called Aµ- procedures successively for µ = σ, σ − 1, . . . , 1, where
σ is the height of the tree T .
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Aσ- procedure. 1) For each edge ek ∈ E(σ), we solve the local inverse
problem IP(k) and find qk(x), x ∈ [0, 1] on the edge ek .

2) For each ek ∈ E(σ), we construct Ck(x , λ),Sk(x , λ), and calculate
ψ
(ν)
kk (1, λ), ν = 0, 1, by (12): ψ(ν)

kk (1, λ) = C
(ν)
k (1, λ) + Mk(λ)S

(ν)
k (1, λ).

3) Returning procedure. For each fixed vm ∈ V (σ−1) \ Γ and for all
ej , ek ∈ R(vm), j 6= k , we construct Ms

kj(λ), s = 0, 1, via

M1
kj(λ) = 0, M0

kj(λ) = ψkk(1, λ)/Sj(1, λ), ej , ek ∈ R(vm), j 6= k.

4) For each vm ∈ V (σ−1) \ Γ we find Mm(λ) by (10), where ψ′kj(1, λ) are
constructed via (11): ψ′kj(1, λ) = M1

kj(λ)C ′j (1, λ) + M0
kj(λ)S ′j (1, λ).

Now we carry out Aµ- procedures for µ = 1, σ − 1 by induction. Fix
µ = 1, σ − 1, and suppose that Aσ, . . . ,Aµ+1- procedures have been
already carried out. Let us carry out Aµ- procedure.
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Aµ- procedure. For each vk ∈ V (µ), the functions Mk(λ) are given.
Indeed, if vk ∈ V (µ) ∩ Γ, then Mk(λ) are given a priori, and if
vk ∈ V (µ) \ Γ, then Mk(λ) were calculated on the previous steps.

1) For each edge ek ∈ E(µ), we solve IP(k) and find qk(x) on ek . If µ = 1,
then Inverse Problem 1 is solved. If µ > 1, we go on to the next step.

2) For each ek ∈ E(µ), we construct Ck(x , λ),Sk(x , λ), and calculate
ψ
(ν)
kk (1, λ), ν = 0, 1, by (12): ψ(ν)

kk (1, λ) = C
(ν)
k (1, λ) + Mk(λ)S

(ν)
k (1, λ).

3) Returning procedure. For each fixed vm ∈ V (µ−1) \ Γ and for any fixed
ek , ei ∈ R(vm), i 6= k , we consider the tree T 1

i := T 0
i ∪ {ei} with the root

vm. Solving the problem Z (T 1
i , vm, ψkk(1, λ)), we calculate the transition

matrix [M0
kj(λ),M1

kj(λ)] for ej ∈ T 1
i .

4) For each fixed vm ∈ V (µ−1) \ Γ we calculate the Weyl function Mm(λ)
by (10), where ψ′kj(1, λ) are constructed via (11) for ν = 1.
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1) Sturm-Liouville operators on arbitrary compact graphs.
2) Sturm-Liouville operators on noncompact graphs.
3) Higher order differential operators on graphs.
4) Variable order differential operators on graphs.
5) Pencils of differential operators on graphs.
6) Differential operators with singularities on graphs.
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