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The general DNLS system

m DNLS system [with two parameters ¢ and €]

PG+ Gx + 1(46 — €)8 GxF + 4i0GF + 6(45 + €) 372 = 0,
iF — Fox + (45 — €)§F e + 4i8F2 — 5(45 + €) 527 = 0.

m DNLS system [with two parameters (a — b) and «]

2(4 _ _ph_
PG+ Boc + in(a— b— 2)38F + in(a— b— 132k + " E=D@=D= N e

4
2(a—b)(a—b—1
i% — B+ in(a— b— 2)8FFe + in(a— b— 1) — (8 b)(f b=1) s g,
where b1
5:75(81_ — ), €= K,
4

(0,0,1), (DNLS I, Kaup—Newell system),
(a,b,k) =< (1,0,1), (DNLS II, Chen-Lee—-Liu system),
(1,-1,1), (DNLS lll, Ivanov—Gerdjikov system).
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The general DNLS system

m corresponding linear system for the general DNLS (three complex parameters a, b, x)

d [a] —ix+ (ib/2) §F KVAG ﬁ en
el - , x,teR.
ax | g (1/8)VXF X+ (ia/2)§F| |8
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The transformation to the general DNLS system

m use the Kaup-Newell system as the unperturbed system
m view the general DNLS system as the perturbed system
m transform from the unperturbed to the perturbed system
m transform from (a, b, k) = (0,0, 1) to the arbitrary set of parameters (a, b, x)
~ 1
q(X7 t) g q(X7 t) = - q(X7 t) E(X7 t)b737
K

r(x, t) — F(x, t) = k r(x, t) E(x, )32,

E(x, 1) = exp (é /_ Xoo dzq(z, 1) r(z, 1)) .
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The DNLS | system (Kaup—Newell)

m Kaup—Newell system

igr + Gx — i(G?r)x = 0,
x,teR.
it — o — i(qr3)x =0,

m linear system associated with the Kaup—Newell system
d [« —ix  VAg| [a
- = , x,teR.
dx |8 VAr i B

{iut + Uxx — 2UPVv =0,

m NLS system

x,teR.
Vi — v +2uv2 =0,

m linear (AKNS) system associated with the NLS system

3

d —ix Ul e
il = , x,teR.
ax H { v f/\} M
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The Marchenko method to solve integrable systems

m extend the Inverse Scattering Transform method

direct scattering at t=0 Fourier transform at =0
V(x,0) ——— S§(k,0) —————  F(,0)
solutionl ltime evolution llime evolution
V(x,t) « — S(k,t) < , , Fy,t)
inverse scattering at time ¢ inverse Fourier transform at time t

m recover the potential from the solution to the Marchenko system

Marchenko kernel at t=0 time evolution
V(x,0) ——— F(,0) — FW1
solutionl linput to Marchenko system
Vix,t — K, xt,t) «———— K(x t
( ’ ) recover the potential ( ’ ’ ) recover the potential ( Y )

DNLS System Mehmet Unlu 9/26



The Marchenko method for the Kaup—Newell system

m linear system of Marchenko integral equations

0 0 Ki(x,y,t)  Ki(x,y,1)
{o 0:||:R2(X7}/7t) Kao(x,y,1)

0 Q(x +y,1)
Q(x+y,t) 0

oo 4 {—iK1(x7 2, )Q(z+y,t) Ki(x,z,) Qz+y,1) ]
+/ z — —_ b
x Ko(x,z, )z +y,t)  iKa(x,2,5)Q(z+y,t)

m reflection coefficients R(+v/A, 0) and R(v/), 0)

m bound-state data via the matrix triplets (A, B, C) and (A4, B, C)

1 R : ; .
Qy, 1) : o | d)\ (\/\; 0 4NNy | o gtifPt gify B,

_ oo R 0 . . o e
Qy, 1) : 277/ (\F ) e~ 4Ntg=idy | ©—4iAtg=iAy B
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The Marchenko method for the NLS system

m linear system of Marchenko integral equations

0 0 Ki(x,y,t)  Ki(x,y,t)
|:0 0:| a |:R2(X:.y7 t) K2(X7Y7 t)

0 Qx+y,1)
Qx+y,t) 0

Ki(x,z2,)Q(z+y,1) Ki(x,z,)Q(z+y,1)

_ _ s x<y.
KZ(szvt)Q(ZJ’_yvt) KZ(X727T)Q(Z+y7t)

+/ az
X

m reflection coefficients R(\, 0) and R(), 0)

m bound-state data via the matrix triplets (A, B, C) and (A, B, C)

m use of (A, B, C) and (A, B, C) allows any number of bound states with any multiplicities
1 o 4iNt LN 4iA°t LA
Q(y,t)::z—/ dAR(X,0) MY + Ce* eV B,
T J—o00

_ {1 oo _ ) : _ . P
Dy, 1) = o / dAR(X,0) e T~ 4 Ce 4Rt~ AV B,
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Contrast with recovery via the Marchenko method for the DNLS system

m recovery of potentials g(x, t) and r(x, t) and the key quantity E(x, t)

q(x,t) = —2Ki(x, x, t) exp (—4 /oo dz [Ki(x, x, 1) — Ka(x, X, 1‘)]) ,
r(x, t) = —2Kx(x, x, t) exp (4 /Oo dz [Ki(x, x, 1) — Ka(x, X, t)]) ,

E(x,t) = exp (2 /Xoo dz [Ki(x, x, t) — Kao(x, X, t)]) )

m reflectionless case: separable-kernel Marchenko system and hence explicit solutions
m closed-form, compact formulas for explicit solutions involving matrix exponentials
m “unpacking” matrix exponentials yields explicit solutions in terms of elementary functions

m animation of explicit solutions via Mathematica
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The reductions r = +g* in the Marchenko method for the Kaup—Newell

m reduced Marchenko equation in one dependent variable Kj(x, y, t)
Ki(x,y, ) £ Q(x + y,t) j:i/ dzKi(x,z2,) Q' (z+ s, ) Qs+ y,t)* =0, y > x.
X
m input Q(y, t) to the Marchenko equation

Qy,t) = / d\ R(\/\f; 0) 4Nt ’/\y—&-Ce‘“A’ g,

m recovery of the potential q(x, t)
GOx, ) = —2K; (X, X, £) exp (14/'/00 dz|Ki(2, 2, z)|2) .
X
m reflectionless case: input to the Marchenko equation
Q(y,t) = Ce*”teMp,
m kernel Q(z + y, t) separable in z and y in the reflectionless case
Q(z+y,t) = Ce*itgihzeityp,

m closed-form, compact formulas for explicit solutions, animations via Mathematica

DNLS System Mehmet Unlu 13/26



Reflectionless case: Explicit solutions for the Kaup—Newell system

m use (A, B, C) and (A, B, C) as input to the Marchenko system
m obtain the Marchenko solution Ki(x,y,t), Ka(x, ¥, 1), Ki(x,y,1), Ka(x, ¥, t).
m evaluate Ki(x,x, 1), Ka(x, x,t), Ki(x, x, 1), Ko(x, X, t)

m obtain g(x, t) and r(x, t) via
q(x, t) = —2Ky(x, x, ) exp (—4 /oo dz [Ki(x,x, 1) — Ka(x, X, t)]) ,
r(x,t) = —2Ko(x, x, t) exp (4 /oo dz [Ki(x, x, t) — Ko(x, x, t)}) .

m animation of |q(x, t)| and |r(x, t)| using Mathematica

m Mathematica notebook using (A, B, C) and (A, B, C) as input
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Reflectionless case: Solution steps for the Kaup—Newell system

m construct M and M by solving
AM - MA=iBC, A—AM=iBC.
m construct ['(x, t) and T(x, t) via
r(x,t) = 1— @IAXH4IA N A o—2iAX—4it [ oiAX
{F(x, 1) = 1— o~ IAX—4iA21 iy 7 RIAX+4iAPt g po—iAX
m construct Ky (x, y, t), Ko(x, ¥, 1), Ki(x, ¥, 1), and Kp(x, y, t) via
Ki(x,y, 1) = —Ce A F(x, 1)~ e~Av—4iAt B,
Ko(x,y,t) = C e T(x, 1)~ QIAX+4IARt |1 7 o—IA(x+y)—4iA%t B,
Ki(x,y,t)=C o—iAx F(x, 1)~ o~ IAX—4iR2t iy A piA(x+y)+4iAPt B,
Ko(x,y, 1) = —C e T(x, 1)~ eA+4ilt g,

m obtain g(x, t) and r(x, t) explicitly in terms of (A, B, C) and (A, B, C)

DNLS System Mehmet Unlu 15/26



Contrast with recovery via the Marchenko method for the NLS system

m recovery of potentials u(x, t) and v(x, t)

u(x, t) = —2Ki(x, x, t),
v(x, t) = —2Ky(x, x, t).

m reflectionless case: separable-kernel Marchenko system and hence explicit solutions
m closed-form, compact formulas for explicit solutions involving matrix exponentials
® “unpacking” matrix exponentials yields explicit solutions in terms of elementary functions

m animation of explicit solutions via Mathematica
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Example of an explicit solution to the DNLS system (Kaup—Newell)

m choose (a, b, ) and the matrix triplets (A, B, C) and (A, B, C) as
a=0, b=0, k=1,
A=[5], B=[1], c=1[2], A=[-8i], B=[1], C=]3].
m we then obtain the corresponding potentials g(x, t) and r(x, t) as

q( t) 192 g10(x+10it) (32 e16(x+4it) _ 15,‘)
X7 = .
(32 £16(x+4it) 4 9,-)2

)

128 eG(Xfﬁit) (32 e16(x+4it) + 9,‘)
r(x,t) = .
(x.0) (32 etBlx-+4it) _ 15,-)2

m we also obtain the key scalar quantity E(x, t) as

_9pe!6(x+4it) + 45j

B0t = S50eteteran 1 25
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The snapshots for |g(x, t)]

. L .
’ ’ \ / / \
. .

Figure: The snapshots for |q(x, t)| at several t-values
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Another example of an explicit solution to DNLS system (Kaup—Newell)

m choose (a, b, ) and the matrix triplets (A, B, C) and (A, B, C) as
a=0 b=0, k=1,

i1 0 _ —i 1
A_{ } B_H, c=p3i 2, A_[ ,
0 i 1 0 —i

m we then obtain the corresponding potentials g(x, t) and r(x, t) as

ax )= "1 = TS
3 We
where )
Wy = —32gSx+4it [24t + 4% (=3 + 16t + 4ix) — i(1 + sx)] ,
Wy = 9 + 166 [5 ~4x + 24x2 + 4™ 1 8t(i + 48t)] ,

Wy = —32 [—7x + 84x2 + 41(48t — 1 1/)] + 73 cosh(4x) + 55 sinh(4x),

w, = 8e—Bx—4it [9(1 —4x +16it) — 326" (—1 + 3x + 12it)] ,

Ws = 9 + 326% [7x —12x% + 2% 4 4t(11i — 481‘)] ,
We = 16 [5 — 14x + 84x2 + 8t(48t + i)] + 73 cosh(4x) + 55 sinh(4x).
DNLS System
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Another example of an explicit solution to DNLS system (Kaup—Newell)

m we also obtain the key scalar quantity E(x, t) as

1/2
E(x,t) = <m> ' exp (i tan~1(128t e /wy1)—i tan’1(14081‘e4"/w12)),
where
Wy = 81 + 409665 + (288e4x + 2048e12X> (5 —14x 4+ 24x° + 384t2) ,
wg := 59 — 280x + 872x2 — 1344x% + 1152x* 4 1282(61 — 168x + 288x2) + 29491214,
Wo := 81 + 409668 — (576e4x + 4096e‘2X) (—7x +12x2 + 192t2) ,
Wio := 94 392x2 — 1344x% + 1152x* 4 12812(121 — 168x + 288x2) + 2949124,
Wiy = 9 + 6468 1 16e™ (5 14X + 24X + 384t2) ,
Wip = 9 + 6468 — 32e™ (—7x +12x2 + 19212> .
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The snapshots for |g(x, t)]

ot -1 1ot 0391 Tate, 021
w £ 0
150) 150 1%
0] 0 0
o j\ . o
B -2 = -1 0 = - 2 " -2 = 47 o // 1 2 -2 VDV - = 1 2
ote. 01 1ot 0091 1o 01
w £ 2
150 150
10 10
50 50
.
= = o v 2 2 ] o 1 z B} o

Figure: The snapshots for |q(x, t)| at several t-values
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The snapshots for |r(x, t)|

I -1 Irix.-035)1 1, -02)1
20, 20 20
15 15 15
10 10
03| 0s
) 2 o 2 [ P 2 o 2 e - 2 o 2 4
11, -0.1)1 1, -0.09)1 1. 0)1
20, 20 20
is 15 15
0 10 10
03| 03|
4 2 o 2 E ) 2 o 2 I ) 2 o 2 [

Figure: The snapshots for |r(x, t)| at several t-values
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Example of an explicit solution to the Chen—Lee—Liu system

m choose (a, b, ) and the matrix triplets (A, B, C) and (A, B, C) as

i1
A= , B=
0 i

m we then obtain the corresponding potentials g(x, t) and 7(x, t) as

a=1, b=0, k=1,
0
1

—i
0 i

}, c=1[ 1], A=

where
Wiz := X + 4it — 8 ¥ (—i + 8t + 2ix),

Wig = —i + 25663 + 32e* (1 — 4x + 8x2 + 16it + 128t2> ,

wys = 326 (1 —ax4+8x2 4 128t2) . wig = —1 + 256€8X + 512e¥¢.
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Example of an explicit solution to the Gerdjikov—Ivanov system

o, ] eef] e

m we then obtain the corresponding potentials g(x, t) and 7(x, t) as

o
|

806, = 227 exp (2x 4 4iz), Fx, 1) = g0, )",
18

where
W7 = X + 4it — 8 €™ (—i + 8t + 2ix),

Wig := —i + 256ie%* + 32e% (1 — 4x + 8x2 + 16it + 1281‘2> .
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Contrast with the paper by Kaup and Newell

m The Marchenko system in the paper by Kaup and Newell is not the same as our
Marchenko system.

m Kaup and Newell studied only the reduced case.
m In our method, the Marchenko kernel is defined for any number of bound states with any

multiplicities whereas in the paper by Kaup and Newell, it is defined only in the case
where the bound states are simple.

m They came up with a very complicated Marchenko integral equation without satisfying any
symmetries, whereas we have a very simple Marchenko integral equation which satisfies
the symmetries.
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