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Motivation

Motivation I: Approximation of Laplace-like operators

Laplace operators

on domains (with boundary) or manifolds

describe waves or heat conduction

spectrum (e. g. eigenvalues) describe frequency or speed of heat conduction

Two points of view:

A: Perturbation of a simple problem (limit is simpler)

or B: Approximations of complicatd problems (approximation is simpler)

Question: how is the behaviour of the spectrum and related quantities under
perturbation or approximations?
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Motivation

Motivation II: classical resolvent convergence

Mathematical formulation:

Laplace-like operators ∆n(≥ 0) in Hilbert space Hn = L2(Xn), (typically)
unbounded (n ∈ N := {1, 2, 3, . . . } ∪ {∞})
How to define ∆n → ∆∞?
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Motivation

Motivation II: classical resolvent convergence

Mathematical formulation:

Laplace-like operators ∆n(≥ 0) in Hilbert space Hn = L2(Xn), (typically)
unbounded (n ∈ N := {1, 2, 3, . . . } ∪ {∞})
How to define ∆n → ∆∞?

∆n unbounded? Use resolvents, here
−1 /∈ σ(∆n)(= { z ∈ C | (∆n − z) bijektiv }), as ∆n ≥ 0, so resolvent
Rn := (∆n + 1)−1 is bounded operator in H

∆n → ∆∞ in norm/strong resolvent sense, if Rn → R∞ in operator
norm/strongly (pointwise):
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Motivation

Motivation II: classical resolvent convergence

Mathematical formulation:

Laplace-like operators ∆n(≥ 0) in Hilbert space Hn = L2(Xn), (typically)
unbounded (n ∈ N := {1, 2, 3, . . . } ∪ {∞})
How to define ∆n → ∆∞?

∆n unbounded? Use resolvents, here
−1 /∈ σ(∆n)(= { z ∈ C | (∆n − z) bijektiv }), as ∆n ≥ 0, so resolvent
Rn := (∆n + 1)−1 is bounded operator in H

∆n → ∆∞ in norm/strong resolvent sense, if Rn → R∞ in operator
norm/strongly (pointwise):

Definition (classical norm-/strong resolvent convergence)

Rn
nr−→ R∞, if ∥Rn − R∞∥B(H ) ≤ δn → 0 (n → ∞)

(δn convergence speed).

Rn
sr−→ R∞, if ∥Rnf − R∞f ∥H → 0 (n → ∞) for all f ∈ H .
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Motivation

Motivation III: Consequences of classical resolvent
convergence

∆n ≥ 0 unbounded in Hilbert space H

resolvent Rn := (∆n + 1)−1 bounded

Definition (classical norm/strong resolvent convergence)

Rn
nr−→ R∞, if ∥Rn − R∞∥B(H ) ≤ δn → 0 (n → ∞)

Rn
sr−→ R∞, if ∥Rnf − R∞f ∥H → 0 (n → ∞) for all f ∈ H .

Consequences of norm resolvent convergence:

Theorem (Kato, Reed-Simon, . . . : norm resolvent convergence)

If ∆n
nr−→ ∆∞, then e.g.

∥φ(∆n)− φ(∆∞)∥ ≤ Cφδn (z. B. φt(λ) = e−tλ, φ = �I )

σ(∆n) → σ(∆∞) on compact intervals,

λ∞ ∈ σ(∆∞) ⇐⇒ ∃(λn)n : λn ∈ σ(∆n),λn → λ∞
Convergence also for discrete and essential spectrum
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Motivation

Motivation III: Consequences of classical resolvent
convergence

∆n ≥ 0 unbounded in Hilbert space H

resolvent Rn := (∆n + 1)−1 bounded

Definition (classical norm/strong resolvent convergence)

Rn
nr−→ R∞, if ∥Rn − R∞∥B(H ) ≤ δn → 0 (n → ∞)

Rn
sr−→ R∞, if ∥Rnf − R∞f ∥H → 0 (n → ∞) for all f ∈ H .

Consequences of norm resolvent convergence:

Theorem (Kato, Reed-Simon, . . . : strong resolvent convergence)

If ∆n
sr−→ ∆∞, then e.g.

∀f ∈ H : ∥φ(∆n)f − φ(∆∞)f ∥ → 0 (z. B. φt(λ) = e−tλ, φ = �I )

we only have

λ∞ ∈ σ(∆∞) =⇒ ∃(λn)n : λn ∈ σ(∆n),λn → λ∞
Convergence also for discrete spectrum
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Motivation

Motivation III: Consequences of classical resolvent
convergence

∆n ≥ 0 unbounded in Hilbert space H

resolvent Rn := (∆n + 1)−1 bounded

Definition (classical norm/strong resolvent convergence)

Rn
nr−→ R∞, if ∥Rn − R∞∥B(H ) ≤ δn → 0 (n → ∞)

Rn
sr−→ R∞, if ∥Rnf − R∞f ∥H → 0 (n → ∞) for all f ∈ H .

Consequences of norm resolvent convergence:

Theorem (Kato, Reed-Simon, . . . : strong resolvent convergence)

If ∆n
sr−→ ∆∞, then e.g.

∀f ∈ H : ∥φ(∆n)f − φ(∆∞)f ∥ → 0 (z. B. φt(λ) = e−tλ, φ = �I )

spectrum can suddenly collaps

λ∞ ∈ σ(∆∞) ̸⇐= ∃(λn)n : λn ∈ σ(∆n),λn → λ∞
we might have

”
spectral pollution“
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Motivation

Motivation III: Consequences of classical resolvent
convergence

∆n ≥ 0 unbounded in Hilbert space H

resolvent Rn := (∆n + 1)−1 bounded

Definition (classical norm/strong resolvent convergence)

Rn
nr−→ R∞, if ∥Rn − R∞∥B(H ) ≤ δn → 0 (n → ∞)

Rn
sr−→ R∞, if ∥Rnf − R∞f ∥H → 0 (n → ∞) for all f ∈ H .

What to do if not only the operator, but also the underlying spaces are changing?
Examples . . .
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Motivation

A: Perturbation of a simple problem

Hn = L2(Xεn) complicated, εn = ε → 0, H∞ = L2(X0) simpler:

[P:06,

P-Exner:05,

07, 09, 13]

∆n (Neumann) Laplacian on Xεn ∆∞f = −f ′′ (on each edge)
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Hn = L2(Xεn) complicated, εn = ε → 0, H∞ = L2(X0) simpler:

[P:06,

P-Exner:05,

07, 09, 13]

∆n (Neumann) Laplacian on Xεn ∆∞f = −f ′′ (on each edge)

[Khrabusovskiy-P:21]
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Motivation

A: Perturbation of a simple problem

Hn = L2(Xεn) complicated, εn = ε → 0, H∞ = L2(X0) simpler:

[P:06,

P-Exner:05,

07, 09, 13]

∆n (Neumann) Laplacian on Xεn ∆∞f = −f ′′ (on each edge)

[Khrabusovskiy-P:21]

Homogenisation

∆n Dirichlet Laplacian

∆∞ = ∆Dir
X0

+ q Dirichlet
Laplacian on X0

[Khrabusovskiy-P:18]
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Motivation

B: Approximation of complicated problems

Discretisation: Hn = ℓ2(Xn, µn) simpler, H∞ = L2(X∞) complicated

simplest example

Xn = { k2−n | k = 0, . . . , 2n } ⊂ X∞ = [0, 1]
Discrete Laplacian
(∆nf )(v) = 4n(2f (v)− f (v+)− f (v−)), v ∈ Xn, v± = v ± 2−n

∆∞f = −f ′′ (Neumann)
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Motivation

B: Approximation of complicated problems

Discretisation: Hn = ℓ2(Xn, µn) simpler, H∞ = L2(X∞) complicated

simplest example

Xn = { k2−n | k = 0, . . . , 2n } ⊂ X∞ = [0, 1]
Discrete Laplacian
(∆nf )(v) = 4n(2f (v)− f (v+)− f (v−)), v ∈ Xn, v± = v ± 2−n

∆∞f = −f ′′ (Neumann)

Fractal

[P-Simmer:18,19,21]
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: domain perturbations

Let Xn ⊂ X = Rd with smooth boundary for n ∈ N = {1, 2, 3, . . . } ∪ {∞}.
Let Xn → X∞ (e.g. homogenisation)

Let ∆n ≥ 0 be Dirichlet Laplacian on Xn

How to define ∆n → ∆∞ resp. convergence for resolvents Rn := (∆n + 1)−1?
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: domain perturbations

Let Xn ⊂ X = Rd with smooth boundary for n ∈ N = {1, 2, 3, . . . } ∪ {∞}.
Let Xn → X∞ (e.g. homogenisation)

Let ∆n ≥ 0 be Dirichlet Laplacian on Xn

How to define ∆n → ∆∞ resp. convergence for resolvents Rn := (∆n + 1)−1?

Idea: use canonical isometry ιn : Hn = L2(Xn) → H = L2(X ), ιnfn = fn ⊕ 0
(extension by 0). We have ι∗nf = f ↾Xn

.

Definition (Generalised norm resolvent convergence/
”
Weidmann convergence“)

∆n
gnrc−→
Weid

∆∞, iff ∥ιnRnι
∗
n − ι∞R∞ι∗∞∥B(H ) → 0 with

H = L2(X ) (parent Hilbert space).
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: domain perturbations

Let Xn ⊂ X = Rd with smooth boundary for n ∈ N = {1, 2, 3, . . . } ∪ {∞}.
Let Xn → X∞ (e.g. homogenisation)

Let ∆n ≥ 0 be Dirichlet Laplacian on Xn

How to define ∆n → ∆∞ resp. convergence for resolvents Rn := (∆n + 1)−1?

Idea: use canonical isometry ιn : Hn = L2(Xn) → H = L2(X ), ιnfn = fn ⊕ 0
(extension by 0). We have ι∗nf = f ↾Xn

.

Definition (Generalised norm resolvent convergence/
”
Weidmann convergence“)

∆n
gnrc−→
Weid

∆∞, iff ∥ιnRnι
∗
n − R∞∥B(H ) → 0 with

H = L2(X∞) (parent Hilbert space).

Simple case: If Xn ⊂ X∞, use H := L2(X∞).
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: discretisation

Xn discrete subset of X∞ (e.g. interval or Sierpiński gasket)

En(f ) =
P

v ,v ′∈Xn
γn,vv ′| {z }

=2n (for interval),v∼v ′

|f (v)− f (v ′)|2, E∞(f ) =
R
X∞

|∇f |2 dµ∞

ψn,v : X∞ → [0, 1], Partition of unity
P

v∈Xn
ψn,v = 1 on X∞

“smoothing”:
Jn : Hn = ℓ2(Xn, µn) → H∞ = L2(X∞, µ∞),

Jnf =
P

v∈Xn
f (v)ψn,v

“discretise”
; J∗n : L2(X∞, µ∞) → ℓ2(Xn, µn),

(J∗n g)(v) =
1

µn(v)

Z

X∞

gψn,v dµ∞
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: discretisation

Xn discrete subset of X∞ (e.g. interval or Sierpiński gasket)

En(f ) =
P

v ,v ′∈Xn
γn,vv ′| {z }

=2n (for interval),v∼v ′

|f (v)− f (v ′)|2, E∞(f ) =
R
X∞

|∇f |2 dµ∞

ψn,v : X∞ → [0, 1], Partition of unity
P

v∈Xn
ψn,v = 1 on X∞

“smoothing”:
Jn : Hn = ℓ2(Xn, µn) → H∞ = L2(X∞, µ∞),

Jnf =
P

v∈Xn
f (v)ψn,v

“discretise”
; J∗n : L2(X∞, µ∞) → ℓ2(Xn, µn),

(J∗n g)(v) =
1

µn(v)

Z

X∞

gψn,v dµ∞

How close is Jn to a unitary operator?
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: discretisation II

Jn : ℓ2(Xn, µn) → L2(X∞, µ∞), Jnf =
P

v∈Xn
f (v)ψn,v

; J∗n : L2(X∞, µ∞) → ℓ2(Xn, µn), (J
∗
n g)(v) =

1

µn(v)

Z

X∞

gψn,v dµ∞
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: discretisation II

Jn : ℓ2(Xn, µn) → L2(X∞, µ∞), Jnf =
P

v∈Xn
f (v)ψn,v

; J∗n : L2(X∞, µ∞) → ℓ2(Xn, µn), (J
∗
n g)(v) =

1

µn(v)

Z

X∞

gψn,v dµ∞

How close is Jn to a unitary operator? (see [PS21])

(ψn,v )v ist Partition of unity auf X∞:

f (v) =
1

µn(v)

X

v ′∈V

f (v)⟨ψn,v ,ψn,v ′⟩ (note µn(v) :=

Z

X∞

ψn,v dµ∞)

(J∗n Jnf )(v) =
1

µn(v)

X

v ′∈Xn

f (v ′)⟨ψm,v ,ψm,v ′⟩ (Partition of unity),

(f − J∗n Jnf )(v) =
1

µn(v)

X

v ′∈Xn

(f (v)− f (v ′))⟨ψv ,ψm,v ′⟩

; ∥f − J∗n Jnf ∥2ℓ2(Gn,µn)
≤ 2maxv µn(v)

minvv ′ γn,vv ′| {z }
=2·4−n→0 (for interval)

En(f ).
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Generalised resolvent convergence: two definitions

Generalised resolvent converence: quasi-unitary equivalence

∆n ≥ 0 in Hilbert space Hn for all n ∈ N = N ∪ {∞}.

Definition (generalised norm resolvent converence, QUE-convergence,
[Pos06, Pos12])

∆n
gnrc−→
QUE

∆∞ :⇔ there is Jn : Hn → H∞ bounded and δn → 0 such that

∥(idHn −J∗n Jn)Rn∥ ≤ δn ∥(idH∞ −JnJ
∗
n )R∞∥ ≤ δn, (1)

∥R∞Jn − JnRn∥ ≤ δn (Rn := (∆n + 1)−1). (2)

If (1)–(2) for some Jn, then ∆n, ∆∞ are called δn-quasi-unitary equivalent.
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Generalised resolvent convergence: two definitions

Generalised resolvent converence: quasi-unitary equivalence

∆n ≥ 0 in Hilbert space Hn for all n ∈ N = N ∪ {∞}.

Definition (generalised norm resolvent converence, QUE-convergence,
[Pos06, Pos12])

∆n
gnrc−→
QUE

∆∞ :⇔ there is Jn : Hn → H∞ bounded and δn → 0 such that

∥(idHn −J∗n Jn)Rn∥ ≤ δn ∥(idH∞ −JnJ
∗
n )R∞∥ ≤ δn, (1)

∥R∞Jn − JnRn∥ ≤ δn (Rn := (∆n + 1)−1). (2)

If (1)–(2) for some Jn, then ∆n, ∆∞ are called δn-quasi-unitary equivalent.

Generalisation of classical norm resolvent convergence

δn = 0 for (1): Jn unitary; w.l.o.g. Hn = H∞, Jn = id.
Then (2) ⇐⇒ ∥Rn − R∞∥ → 0 (classical norm resolvent convergence)
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Generalised resolvent convergence: two definitions

Generalised resolvent converence: quasi-unitary equivalence

∆n ≥ 0 in Hilbert space Hn for all n ∈ N = N ∪ {∞}.

Definition (generalised norm resolvent converence, QUE-convergence,
[Pos06, Pos12])

∆n
gnrc−→
QUE

∆∞ :⇔ there is Jn : Hn → H∞ bounded and δn → 0 such that

∥(idHn −J∗n Jn)Rn∥ ≤ δn ∥(idH∞ −JnJ
∗
n )R∞∥ ≤ δn, (1)

∥R∞Jn − JnRn∥ ≤ δn (Rn := (∆n + 1)−1). (2)

If (1)–(2) for some Jn, then ∆n, ∆∞ are called δn-quasi-unitary equivalent.

Generalisation of unitary equivalence

δn = 0 for (1)–(2): Jn unitary and ∆n, ∆∞ unitarily equivalent
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Generalised resolvent convergence: two definitions

Consequences of generalised norm resolvent convergence

Definition (generalised norm resolvent converence, QUE-convergence)

∆n
gnrc−→
QUE

∆∞ :⇔ there is J : H∞ → Hn bounded and δn → 0 such that

(1) ∥(id∞ −J∗J)R∞∥ ≤ δn, ∥(idn −JJ∗)Rn∥ ≤ δn, (2) ∥RnJ − JR∞∥ ≤ δn.

Theorem ([Pos06, Pos12])

From ∆n
gnrc−→
QUE

∆∞ we conclude

∥φ(∆n)− Jnφ(∆∞)J∗n ∥ ≤ Cφδn (e.g. φt(λ) = e−tλ, φ = �I )

σ(∆n) → σ(∆∞) on compact intervals [also for discrete and essential
spectrum], convergence of eigenfunctions

In particular: no spectral pollution

λ∞ ∈ σ(∆∞) ⇐⇒ ∃(λn)n : λn ∈ σ(∆n),λn → λ∞

we cannot have (generalised) norm resolvent converence for compact spaces (with
purely discrete spectrum) converging towards a non-compact one (with essential
spectrum)
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Generalised resolvent convergence: two definitions

Both concepts together

Definition (QUE-convergence)

∆n
gnrc−→
QUE

∆∞ with speed δn → 0 if ∃ contractions Jn : Hn → H∞ s. th.

∥(idHn −J∗n Jn)Rn∥ ≤ δn, ∥(idH∞ −JnJ
∗
n )R∞∥ ≤ δn, ∥JnRn − R∞Jn∥ ≤ δn.
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Generalised resolvent convergence: two definitions

Both concepts together

Definition (QUE-convergence)

∆n
gnrc−→
QUE

∆∞ with speed δn → 0 if ∃ contractions Jn : Hn → H∞ s. th.

∥(idHn −J∗n Jn)Rn∥ ≤ δn, ∥(idH∞ −JnJ
∗
n )R∞∥ ≤ δn, ∥JnRn − R∞Jn∥ ≤ δn.

Weidmann [Wei00] (see also [Bög18]) defined for operators acting in different
Hilbert spaces: (more precisely for subspaces Hn ⊂ H )

Definition (Weidmann convergence)

∆n
gnrc−→
Weid

∆∞ with speed δn → 0 if there are isometries ιn : Hn → H (n ∈ N) into
a Hilbert space with ∥ιnRnι

∗
n − ι∞R∞ι∗∞∥ ≤ δn.
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Generalised resolvent convergence: two definitions

Both concepts together

Definition (QUE-convergence)

∆n
gnrc−→
QUE

∆∞ with speed δn → 0 if ∃ contractions Jn : Hn → H∞ s. th.

∥(idHn −J∗n Jn)Rn∥ ≤ δn, ∥(idH∞ −JnJ
∗
n )R∞∥ ≤ δn, ∥JnRn − R∞Jn∥ ≤ δn.

Weidmann [Wei00] (see also [Bög18]) defined for operators acting in different
Hilbert spaces: (more precisely for subspaces Hn ⊂ H )

Definition (Weidmann convergence)

∆n
gnrc−→
Weid

∆∞ with speed δn → 0 if there are isometries ιn : Hn → H (n ∈ N) into
a Hilbert space with ∥ιnRnι

∗
n − ι∞R∞ι∗∞∥ ≤ δn.

Interestingly, both concepts are equivalent!
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Equivalence of both concepts

Compare both concepts

∆n
gnrc−→
QUE

∆∞ iff ∥(idn −J∗n Jn)Rn∥ ≤ δn, ∥(id∞ −JnJ∗n )R∞∥ ≤ δn, ∥JnRn − R∞Jn∥ ≤ δn.

∆n
gnrc−→
Weid

∆∞ iff ∥Dn∥ ≤ δn → 0, Dn := ιnRnι∗n − ι∞R∞ι∗∞, ιn : Hn → H isometries

Theorem ([PZ22])
∆n

gnrc−→
Weid

∆∞ ⇐⇒ ∆n
gnrc−→
QUE

∆∞
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Equivalence of both concepts

Compare both concepts

∆n
gnrc−→
QUE

∆∞ iff ∥(idn −J∗n Jn)Rn∥ ≤ δn, ∥(id∞ −JnJ∗n )R∞∥ ≤ δn, ∥JnRn − R∞Jn∥ ≤ δn.

∆n
gnrc−→
Weid

∆∞ iff ∥Dn∥ ≤ δn → 0, Dn := ιnRnι∗n − ι∞R∞ι∗∞, ιn : Hn → H isometries

Theorem ([PZ22])
∆n

gnrc−→
Weid

∆∞ ⇐⇒ ∆n
gnrc−→
QUE

∆∞

Simple direction: “=⇒”.

Step 1: Set Jn := ι∗∞ιn, Pn := ιnι
∗
n, P

⊥
n = idH −Pn (n ∈ N) ONP in H

(idn −J∗n Jn)Rn = ι∗nP
⊥
∞Dnιn, (id∞ −JnJ

∗
n )R∞ = −ι∗∞P⊥

n Dnι∞
RnJn − JnR∞ = ι∗∞Dnιn
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∆n
gnrc−→
Weid

∆∞ iff ∥Dn∥ ≤ δn → 0, Dn := ιnRnι∗n − ι∞R∞ι∗∞, ιn : Hn → H isometries

Theorem ([PZ22])
∆n

gnrc−→
Weid

∆∞ ⇐⇒ ∆n
gnrc−→
QUE

∆∞

Simple direction: “=⇒”.

Step 1: Set Jn := ι∗∞ιn, Pn := ιnι
∗
n, P

⊥
n = idH −Pn (n ∈ N) ONP in H

(idn −J∗n Jn)Rn = ι∗nP
⊥
∞Dnιn, (id∞ −JnJ

∗
n )R∞ = −ι∗∞P⊥

n Dnι∞
RnJn − JnR∞ = ι∗∞Dnιn

∥Dn∥ ≤ δn then ∆∞ δn-QUE (same convergence speed)

Olaf Post (Universität Trier) Variants of operator norm convergence AMP 2024-08-13 13 / 22



Equivalence of both concepts

Idea of proof, more complicated direction

∆n
gnrc−→
QUE

∆∞ iff ∥(idn −J∗n Jn)Rn∥ ≤ δn, ∥(id∞ −JnJ∗n )R∞∥ ≤ δn, ∥JnRn − R∞Jn∥ ≤ δn.

∆n
gnrc−→
Weid

∆∞ iff ∥Dn∥ ≤ δn → 0, Dn := ιnRnι∗n − ι∞R∞ι∗∞, ιn : Hn → H isometries

Theorem ([PZ22])
∆n

gnrc−→
Weid

∆∞ ⇐⇒ ∆n
gnrc−→
QUE

∆∞

Complicated direction: “⇐=”.

Find common (“parent”) space H and isometries ιn : Hn → H , that
factorise Jn = ι∗∞ιn (n ∈ N) (Step 3 later)
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gnrc−→
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∆∞ iff ∥(idn −J∗n Jn)Rn∥ ≤ δn, ∥(id∞ −JnJ∗n )R∞∥ ≤ δn, ∥JnRn − R∞Jn∥ ≤ δn.

∆n
gnrc−→
Weid

∆∞ iff ∥Dn∥ ≤ δn → 0, Dn := ιnRnι∗n − ι∞R∞ι∗∞, ιn : Hn → H isometries

Theorem ([PZ22])
∆n

gnrc−→
Weid

∆∞ ⇐⇒ ∆n
gnrc−→
QUE

∆∞

Complicated direction: “⇐=”.

Find common (“parent”) space H and isometries ιn : Hn → H , that
factorise Jn = ι∗∞ιn (n ∈ N) (Step 3 later)

write Dn = P⊥
∞DnPn + P∞DnP

⊥
n + P∞DnPn in terms of

(id∞ −JnJ
∗
n )Rn, (idn −J∗n Jn)R∞ and JnRn−R∞Jn (or only estimate in norm!)

Step 2: Assume there are isometries ιn such that Jn = ι∗∞ιn (necessarily
∥Jn∥ ≤ 1) then

∥P⊥
∞DnPn∥ = ∥Rn(idn −J∗n Jn)Rn∥1/2 ≤ δ1/2n , . . .

∥P∞DnPn∥ = ∥JnRn − R∞Rn∥ ≤ δn
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Equivalence of both concepts

How to factorise identification operator?

Define so-called defect operator

Wn := (idHn −J∗n Jn)
1/2

(idea from Béla Szőkefalvi-Nagy [SNFBK10])
Why?
We have

∥Jnfn∥2H∞ + ∥Wnfn∥2Hn
= ∥fn∥2Hn

∥P⊥
∞DnPn∥2B(H ) = ∥WnRn∥2B(Hn)

= ∥R∗
n (idHn −J∗n Jn)Rn∥B(Hn)
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How to factorise identification operator?

Define so-called defect operator

Wn := (idHn −J∗n Jn)
1/2

(idea from Béla Szőkefalvi-Nagy [SNFBK10])
Why?
We have

∥Jnfn∥2H∞ + ∥Wnfn∥2Hn
= ∥fn∥2Hn

∥P⊥
∞DnPn∥2B(H ) = ∥WnRn∥2B(Hn)

= ∥R∗
n (idHn −J∗n Jn)Rn∥B(Hn)

Set (f = (f∞, f1, f2, . . . ) ∈ H )

H := H∞ ⊕
M

n∈N
Hn

ι∞f∞ := (f∞, 0, 0, . . . )

ιnfn := (Jnfn, 0, . . . , 0,Wnfn, 0, . . . ) (n-th position)
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Why?
We have
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∞DnPn∥2B(H ) = ∥WnRn∥2B(Hn)

= ∥R∗
n (idHn −J∗n Jn)Rn∥B(Hn)

Set (f = (f∞, f1, f2, . . . ) ∈ H )

H := H∞ ⊕
M

n∈N
Hn

ι∞f∞ := (f∞, 0, 0, . . . )

ιnfn := (Jnfn, 0, . . . , 0,Wnfn, 0, . . . ) (n-th position)

then ι∞, ιn are isometries
and they factorise Jn, as ι

∗
∞ιn = Jn ,
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Equivalence of both concepts

A modified version of QUE-convergence

One can see that using a modified version of QUE-convergence leads to the same
convergence speed in both directions:

Definition (modified QUE-convergence)

∆n
mgnrc−→
QUE

∆∞ :⇔ there are contractions Jn : Hn → H∞ and δn → 0 such that

∥Rn(idHn −J∗n Jn)Rn∥1/2 ≤ δn, ∥R∞(idH∞ −JnJ
∗
n )R∞∥1/2 ≤ δn,

∥R∞Jn − JnRn∥ ≤ δn (Rn := (∆n + 1)−1).

Note that ∆n
gnrc−→
QUE

∆∞ (with δn) implies ∆n
mgnrc−→
QUE

∆∞ (with δ
1/2
n )

the first changed condition of the modified QUE-convergence is equivalent
with
(0 ≤)∥fn∥2 − ∥Jnfn∥2 ≤ δ2n∥(∆n + 1)fn∥2 for all f ∈ dom∆n
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Equivalence of both concepts

Other concepts of convergence for varying spaces

In homogenisation theory (Marchenko-Khruslov, Pastukhova and many others
. . . ): some sort of strong resolvent convergence

Γ (or Mosco) convergence: related to strong resolvent convergence
(∥Rnf − R∞f ∥ → 0 for all f ∈ H )

Strong convergence does not imply spectral convergence! (only
σ(H) ⊂ limε→0 σ(∆n) — spectral pollution possible

V. A. Marchenko and E. Y. Khruslov, Homogenization of partial differential equations,
Progress in Mathematical Physics, vol. 46, Birkhäuser Boston, Inc., Boston, MA, 2006,
Translated from the 2005 Russian original by M. Goncharenko and D. Shepelsky.

S. E. Pastukhova, On the convergence of hyperbolic semigroups in a variable Hilbert space,
Tr. Semin. im. I. G. Petrovskogo (2004), 215–249, 343.

K. Kuwae and T. Shioya, Convergence of spectral structures: a functional analytic theory
and its applications to spectral geometry, Comm. Anal. Geom. 11 (2003), 599–673.
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In homogenisation theory (Marchenko-Khruslov, Pastukhova and many others
. . . ): some sort of strong resolvent convergence

Γ (or Mosco) convergence: related to strong resolvent convergence
(∥Rnf − R∞f ∥ → 0 for all f ∈ H )

Strong convergence does not imply spectral convergence! (only
σ(H) ⊂ limε→0 σ(∆n) — spectral pollution possible

V. A. Marchenko and E. Y. Khruslov, Homogenization of partial differential equations,
Progress in Mathematical Physics, vol. 46, Birkhäuser Boston, Inc., Boston, MA, 2006,
Translated from the 2005 Russian original by M. Goncharenko and D. Shepelsky.

S. E. Pastukhova, On the convergence of hyperbolic semigroups in a variable Hilbert space,
Tr. Semin. im. I. G. Petrovskogo (2004), 215–249, 343.

K. Kuwae and T. Shioya, Convergence of spectral structures: a functional analytic theory
and its applications to spectral geometry, Comm. Anal. Geom. 11 (2003), 599–673.

Our equivalence of both concepts allows to define strong resolvent convergence
also for the QUE-setting. In Weidmann’s setting this is clear:
∥ιnRnι

∗
nf − ι∞R∞ι∗∞f ∥H → 0 for all f ∈ H ; work in progress . . .
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Distances related to the generalised convergences

Distances related to the generalised convergences

Describe convergence in terms of a distance (or pseudo-metric)

consider δn as a sort of distance between (self-adjoint) R1 and R2 and define

diso(R1,R2) := inf{ ∥ι1R1ι
∗
1 − ι2R2ι

∗
2∥ | ιn : H1 → H isom. H Hilbert space }

dque(R1,R2) := inf{ δ(R1,R2, J) | J : H1 → H2 contraction }
δ(R1,R2, J) := max{∥R1(id1 −J∗J)R1∥1/2, ∥R2(id2 −JJ∗)R2∥1/2,

∥R2J − JR1∥}
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Describe convergence in terms of a distance (or pseudo-metric)

consider δn as a sort of distance between (self-adjoint) R1 and R2 and define

diso(R1,R2) := inf{ ∥ι1R1ι
∗
1 − ι2R2ι

∗
2∥ | ιn : H1 → H isom. H Hilbert space }

dque(R1,R2) := inf{ δ(R1,R2, J) | J : H1 → H2 contraction }
δ(R1,R2, J) := max{∥R1(id1 −J∗J)R1∥1/2, ∥R2(id2 −JJ∗)R2∥1/2,

∥R2J − JR1∥}

Clearly we have:

∆n
gnrc−→
Weid

∆∞ ⇐⇒ diso(Rn,R∞) → 0 and

∆n
mgnrc−→
QUE

∆∞ ⇐⇒ dque(Rn,R∞) → 0
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Distances related to the generalised convergences

Distances related to the generalised convergences II

Our next main result is:

Theorem ([PZ24a])

For self-adjoint and bounded operators R1 and R2 we have

dque(R1,R2) ≤ diso(R1,R2) ≤
√
3dque(R1,R2)
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Our next main result is:

Theorem ([PZ24a])

For self-adjoint and bounded operators R1 and R2 we have

dque(R1,R2) ≤ diso(R1,R2) ≤
√
3dque(R1,R2)

diso(R1,R2) = dHausd(σ(R1),σ(R2)), if both have purely essential spectrum
containing 0
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Distances related to the generalised convergences

Distances related to the generalised convergences II

Our next main result is:

Theorem ([PZ24a])

For self-adjoint and bounded operators R1 and R2 we have

dque(R1,R2) ≤ diso(R1,R2) ≤
√
3dque(R1,R2)

diso(R1,R2) = dHausd(σ(R1),σ(R2)), if both have purely essential spectrum
containing 0

diso(R1,R2) = 0 ⇐⇒ dque(R1,R2) = 0 ⇐⇒ σ•(R1) = σ•(R2),
• ∈ {ess, disc}
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Distances related to the generalised convergences

Distances related to the generalised convergences II

Our next main result is:

Theorem ([PZ24a])

For self-adjoint and bounded operators R1 and R2 we have

dque(R1,R2) ≤ diso(R1,R2) ≤
√
3dque(R1,R2)

diso(R1,R2) = dHausd(σ(R1),σ(R2)), if both have purely essential spectrum
containing 0

diso(R1,R2) = 0 ⇐⇒ dque(R1,R2) = 0 ⇐⇒ σ•(R1) = σ•(R2),
• ∈ {ess, disc}
∆n

gnrc−→
Weid

∆∞ ⇐⇒ diso(Rn,R∞) → 0 ⇐⇒ ∆n
mgnrc−→
QUE

∆∞ ⇐⇒
dque(Rn,R∞) → 0

Olaf Post (Universität Trier) Variants of operator norm convergence AMP 2024-08-13 19 / 22



Distances related to the generalised convergences

Idea of proof

We use a result by Azoff and Davies [AD84] defining
duni(R1,R2) := inf

�
∥U12R1U

∗
12 − R2∥B(H2)

��U12 ∈ Uni(H1,H2)
	
,

Clearly, duni(R1,R2) ≥ diso(R1,R2)
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We use a result by Azoff and Davies [AD84] defining
duni(R1,R2) := inf

�
∥U12R1U

∗
12 − R2∥B(H2)

��U12 ∈ Uni(H1,H2)
	
,

Clearly, duni(R1,R2) ≥ diso(R1,R2)

Azoff and Davies define the so-called crude multiplicity function
αRn(λ) := limr→0 rank�(λ−r ,λ+r)(Rn) ∈ N̄0 := {0, 1, 2, . . . } ∪ {∞}.
We have αR1 = αR2 iff R1 and R2 have the same essential and discrete
spectrum (including multiplicity)
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αRn(λ) := limr→0 rank�(λ−r ,λ+r)(Rn) ∈ N̄0 := {0, 1, 2, . . . } ∪ {∞}.
We have αR1 = αR2 iff R1 and R2 have the same essential and discrete
spectrum (including multiplicity)

Azoff and Davies show (a sort of Prokhorov distance)

δ(αR1 ,αR2)

:= inf{ ε ≥ 0 | ∀I op. int. : α∗
R1
(I ) ≤ α∗

R2
(Bε(I )) and α∗

R2
(I ) ≤ α∗

R1
(Bε(I )) }

= duni(R1,R2),
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Idea of proof

We use a result by Azoff and Davies [AD84] defining
duni(R1,R2) := inf

�
∥U12R1U

∗
12 − R2∥B(H2)

��U12 ∈ Uni(H1,H2)
	
,

Clearly, duni(R1,R2) ≥ diso(R1,R2)

Azoff and Davies define the so-called crude multiplicity function
αRn(λ) := limr→0 rank�(λ−r ,λ+r)(Rn) ∈ N̄0 := {0, 1, 2, . . . } ∪ {∞}.
We have αR1 = αR2 iff R1 and R2 have the same essential and discrete
spectrum (including multiplicity)

Azoff and Davies show (a sort of Prokhorov distance)

δ(αR1 ,αR2)

:= inf{ ε ≥ 0 | ∀I op. int. : α∗
R1
(I ) ≤ α∗

R2
(Bε(I )) and α∗

R2
(I ) ≤ α∗

R1
(Bε(I )) }

= duni(R1,R2),

Main observation (from us): if 0 ∈ σess(R1) ∩ σess(R2) then
δ(αR1 ,αR2) = δ(αι1R1ι∗1 ,αι2R2ι∗2 )
(Rn and ιnRnι

∗
n differ only in 0 in their spectrum)
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Distances related to the generalised convergences

Sharpness of our results

For Rn = rn idHn (rn ∈ R) we have

dque(R1,R2) =
� 1

|r1 − r2|2
+

1

max{|r1|2, |r2|2}
�−1/2

≤ diso(R1,R2) = min{|r1 − r2|,max{|r1|, |r2|}
≤ duni(R1,R2) = |r1 − r2| = ∥R1 − R2∥B(H ) = dHausd(σ(R1),σ(R2))

the first inequality is strict if r1 ̸= r2 (note that (r−2
1 + r−2

2 )−1/2 < min{r1, r2})
the second is strict provided r1 · r2 < 0.

For R1 = R and R2 = 0 we have

dque(R , 0) =
1√
2
∥R∥ ≤ diso(R , 0) = duni(R , 0) = ∥R∥.

This shows that the (maybe non-optimal) constant
√
3 has to be at least

√
2.
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Outlook

Outlook

the quasi-metrics duni, diso and dque describe actually distances between the
essential spectra and a distance between the discrete spectra (respecting
multiplicity)

some results extend to non-self-adjoint operators

equivalence of QUE- and Weidmann’s convergence allows to transfer strong
resolvent convergence to the QUE case

extension to Banach spaces possible (?)

refine method with identification operators

J1n : dom En → dom E∞ and J ′1n : dom E∞ → dom En,

on the level of enery form domains such that ∥(Jn − J1n )f ∥ ≤ δn∥f ∥En resp.
∥(J∗n − J ′1n )u∥ ≤ δn∥u∥E∞ .
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