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Motivation |: Approximation of Laplace-like operators

~
Laplace operators —'\\0

@ on domains (with boundary) or manifolds

@ describe waves or heat conduction

@ spectrum (e. g. eigenvalues) describe frequency or speed of heat conduction
Two points of view:

@ A: Perturbation of a simple problem (limit is simpler)

@ or B: Approximations of complicatd problems (approximation is simpler)

@ Question: how is the behaviour of the spectrum and related quantities under
perturbation or approximations?

Olaf Post (Universitit Trier) Variants of operator norm convergence AMP 2024-08-13 2/22



Motivation |l: classical resolvent convergence

Mathematical formulation:

o Laplace-like operators A,(> 0) in Hilbert space J7, = L,(X,), (typically)
unbounded (n € N:={1,2,3,... } U {co})
@ How to define A, - A7
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Motivation |l: classical resolvent convergence

Mathematical formulation:
o Laplace-like operators A,(> 0) in Hilbert space J7, = L,(X,), (typically)
unbounded (n € N:={1,2,3,... } U {co})
@ How to define A, - A7 "L‘/é

@ A\, unbounded? Use resolvents, her
—1¢0(A)(={zeC|(A, — z) bijektiva}), as A, > 0, so resolvent
R, := (A, + 1)1 is bounded operator in J#

e A, — A, in norm/strong resolvent sense, if R, — Ro in operator
norm/strongly (pointwise):
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Motivation |l: classical resolvent convergence

Mathematical formulation:
o Laplace-like operators A,(> 0) in Hilbert space J7, = L,(X,), (typically)
unbounded (n € N:={1,2,3,... } U {co})
@ How to define A, - A7

@ A\, unbounded? Use resolvents, here
—1¢0(A)(={zeC|(A, — z) bijektiv}), as A, > 0, so resolvent
R, := (A, + 1)1 is bounded operator in J#

e A, — A, in norm/strong resolvent sense, if R, — Ro in operator
norm/strongly (pointwise):

Definition (classical norm-/strong resolvent convergence)

® Ry =5 R, if [|Rn — Rucllpr) <60 =0 (n— o0)
(6, convergence speed).

0 Ry =5 Reo, if ||Raf — Roof||l ¢ — 0 (n — o) for all f € .
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Motivation Ill: Consequences of classical resolvent
convergence

@ A, > 0 unbounded in Hilbert space .7#
@ resolvent R, := (A, + 1)71 bounded
Definition (classical norm/strong resolvent convergence)
® Ry, 5 Reo, if |[Rn — Resllaa(e) < 60 = 0 (n— 00)

@ R, =5 Reo, if [|Raf — Rooflloz — 0 (n — 00) forall f € .

Consequences of norm resolvent convergence:

Theorem (Kato, Reed-Simon, ...: norm resolvent convergence)

IfA, =55 Ao, then eg.

o [[p(An) = p(Dx)ll < Cpdn (2. B.pe(N) =™, p=1,)
e o(A,) = 0(A) on compact intervals,

Aoo € 0(Ax) <= F(An)n: An € 0(Ap), A = Ao
o Convergence also for discrete and essential spectrum
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Motivation Ill: Consequences of classical resolvent
convergence

@ A, > 0 unbounded in Hilbert space .7#
@ resolvent R, := (A, + 1)71 bounded

Definition (classical norm/strong resolvent convergence)
® Ry, 5 Reo, if |[Rn — Resllaa(e) < 60 = 0 (n— 00)

@ R, =5 Reo, if [|Raf — Rooflloz — 0 (n — 00) forall f € .

Consequences of norm resolvent convergence:

Theorem (Kato, Reed-Simon, ...: strong resolvent convergence)

If A, =5 Ao, then eg.
o Vf € ||p(An)f — p(Ax)f|| = 0 (z. B. o:(A) = e, o =1;)
@ we only have
Aoo € 0(As) = I(An)n: An € 0(An), An = Ao
o Convergence also for discrete spectrum
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Motivation Ill: Consequences of classical resolvent
convergence

@ A, > 0 unbounded in Hilbert space .7#
@ resolvent R, := (A, + 1)71 bounded

Definition (classical norm/strong resolvent convergence)
® Ry, 5 Reo, if |[Rn — Resllaa(e) < 60 = 0 (n— 00)

@ R, =5 Reo, if [|Raf — Rooflloz — 0 (n — 00) forall f € .

Consequences of norm resolvent convergence:

Theorem (Kato, Reed-Simon, ...: strong resolvent convergence)
If A, =5 Ao, then eg.
o Vf € ||p(An)f — p(Ax)f|| = 0 (z. B. o:(A) = e, o =1;)
@ spectrum can suddenly collaps
Ao € 0(Aso) = F(An)n: An € 0(An), An — Ao
@ we might have ,spectral pollution*
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Motivation Ill: Consequences of classical resolvent
convergence

@ A, > 0 unbounded in Hilbert space ¢
@ resolvent R, := (A, 4+ 1)~! bounded

Definition (classical norm/strong resolvent convergence)
@ R, ™5 Reo, if |[Ry — Recllaa(e) < 60 = 0 (n— 00)

@ R, =5 Reo, if ||Raf — Reoflle — 0 (n — 00) for all f € .

What to do if not only the operator, but also the underlying spaces are changing?
Examples ...
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Motivation

A: Perturbation of a simple problem

b, = Ly(X.,) complicated, e, = ¢ — 0, %, = Ly(Xp) simpler:

< 1[
1’7 e
o ~ [P:06,
‘% P-Exner:05, V@
£, Z’\ = Xzﬂ 07, 09, 13] Xg

A, (Neumann) Laplacian on X;, A, f = —f" (on each edge)

$. G (%)
cC. ) ~ g,
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A: Perturbation of a simple problem

b, = Ly(X.,) complicated, e, = ¢ — 0, %, = Ly(Xp) simpler:

°
+
; [P:06, l
P-Exner:05,
£ s Xz 07, 09, 13] X
A, (Neumann) Laplacian on X;, A, f = —f" (on each edge)
°

>< (
Y& ?]xii e M

ME T fos-L10-)-y (0 0)

[Khrabusovskiy-P: 21]
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Motivation

A: Perturbation of a simple problem

b, = Ly(X.,) complicated, e, = ¢ — 0, %, = Ly(Xp) simpler:

°
+
7
[P:06,
P-Exner:05,
07, 09, 13] 3%
A, (Neumann) Laplacian on X;, A, f = —f" (on each edge)
°
X B 4
¢ 9 & [?]E, ) (7)(2_ ;X//&/
)(E, pe— Y € é{ al
e e 1y e £ 0)y f0)
[Khrabusovskiy-P:21]
°

Homogenisation Ay = A)D<;' + g Dirichlet
Laplacian on Xp

A, Dirichlet Laplacian Xa

[Khrabusovskiy-P:18] "

Olaf Post (Universitét Trier) Variants of operator norm convergence AMP 2024-08-13

5/22



B: Approximation of complicated problems

Discretisation: 3, = €5(Xa, pin) simpler, 55, = L,(Xx) complicated
@ simplest example

2 X
o X, ={k2"|k=0,...,2"} C Xoo =[0,1] [ AN
0 VoV v g

e Discrete Laplacian
(ARf)(v) =4"(2f(v) — f(vy) — F(v2)), VvEXa va=vE2"
o Aof =—f" (Neumann)
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B: Approximation of complicated problems

Discretisation: 3, = €5(Xa, pin) simpler, 55, = L,(Xx) complicated

@ simplest example X
o Xp={k2™"|k=0,...,2"} C Xo0 = [0,1] bty
o Discrete Laplacian 0 VoV ove !
(Anf)(v) = 4"(2f(v) = f(vs) = F(v=)), v EXn ve=v£27"
o Aof =—f" (Neumann)

@ Fractal

A

[P-Simmer:18,19,21]
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Generalised resolvent convergence: domain perturbations

Let X, C X = RY with smooth boundary for n € N = {1,2,3,...} U {oc}.
o Let X, = X (e.g. homogenisation)
@ Let A, > 0 be Dirichlet Laplacian on X,

@ How to define A, — A, resp. convergence for resolvents R, := (A, +1)71?
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Generalised resolvent convergence: two definitions

Generalised resolvent convergence: domain perturbations

Let Qn - X)z R? with smooth boundary for n € N = {1,2,3,...} U {oo}.
o Let X, = X (e.g. homogenisation)
@ Let A, > 0 be Dirichlet Laplacian on X,
@ How to define A, — A, resp. convergence for resolvents R, := (A, +1)71?

Idea: use canonical isometry ¢,,: 5, = Ly(Xp) = = Ly(X), tafa = @0
(extension by 0). We have 1}if = f[y .

Definition (Generalised norm resolvent convergence/, Weidmann convergence")
Dy 5 Do, i |0 Roty — oo Root || () — O with
el
A = L,(X) (parent Hilbert space).

Olaf Post (Universitét Trier) Variants of operator norm convergence AMP 2024-08-13 7/22



Generalised resolvent convergence: two definitions

Generalised resolvent convergence: domain perturbations

Let X, C X = R9 with smooth boundary for n € N = {1,2,3,...} U {cc}.

o Let X, = X (e.g. homogenisation)

@ Let A, > 0 be Dirichlet Laplacian on X,

@ How to define A, — A, resp. convergence for resolvents R, := (A, +1)71?
Idea: use canonical isometry ¢,,: 5, = Ly(Xp) = = Ly(X), tafa = @0
(extension by 0). We have 1}if = f[y .

Definition (Generalised norm resolvent convergence/, Weidmann convergence")
A, 5V—>d Ao, iff [|taRatl — Reo || () — O with
A = L,(Xx) (parent Hilbert space).

Simple case: If X, C Xoo, use = L,(Xx).
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Generalised resolvent convergence: discretisation

e X, discrete subset of X, (e.g. interval or Sierpiriski gasket)

0 &y(f) = Zv,v/ex,, Yn,wv! [f(v) — f(v’)|2, Exo(f) = fXW|Vf|2 dptco

y W
=2n (for interval),v~v’ AT Ty (;:
o vi Vo 1
@ Y, Xoo — [0,1], { Partition of unity ZveXn Yny =1 on X

@ “smoothing”: f £
In: I, = Ez(Xn, ,LLn) — S = LQ(Xom,uoo): \/‘/b\k’/\}n
J.f = ZveX,, f(V)wn,v e Y]

o ‘“discretise”

r ) Yyl (¢
~> Jn : L2(X007IJ’OO) — E2(Xna/j/n)' \7 ;;)fv/ \ j X
1 ’ ;
(Jr8)(v) = /X E¥nv dfico v :

(V) ©
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Generalised resolvent convergence: discretisation

e X, discrete subset of X, (e.g. interval or Sierpiriski gasket)

o En(f) =2, vex, Y, \f(v)—f(v’)|2,500(7‘):me|Vf|2duoo

y W
=2n (for interval),v~v’ AT Ty i\

o vi Vo 1
Ynyvi Xeo = [0,1], Partition of unity ZveXn Yny =1 o0on X

“smoothing”: Jus £
It Ay = 0 X 1) Hoo = Ly (Koo pioc). f e
Jof = ZVGX,, f(V)Yny

) A

o ‘“discretise”

GO0 = 1 [ gt e RS :
oy on (A

i i ? Ma (v
How close is J, to a unitary operator?
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Generalised resolvent convergence: discretisation |l

(] Jn: 62(Xn,ﬂn) — L2(X007HOO)1 Jnf = ZVEXn f(V)?/hLV
. . 1
~ ‘/n: L2(X<>07Moo) — Z2()<fh,un)7 (Jng)(v) = 7/ gwn,v d“oo
(V) Jx.
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Generalised resolvent convergence: discretisation |l

0 Jn: £y( X, pn) = Lo(Xoo, poo), Jnf:z\/exn F(v)¥n,y
1

“”J* L 00 oo—>£ ny Mn J: VZ*/ wn,vdoo

2(Xoo; thoo) = €o(Xns pn), (J58)(v) () Jx & [

How close is J, to a unitary operator? (see [PS21])
@ (¥n.v)y ist Partition of unity auf Xo

1 /_\_\
f(v)fun(v);jev fv )<z/:fvaqfw> (rote in(v) = [ dpc)

o (JriJuf)(v)

Z f(V')(%m,vs¥m,) (Partition of unity),
Mn( ) X,

o (=200 - uni(v) S (F(V) = V) (W tma)

veX,
2 max, pn(v)
minvv’ '-Yn,vv’

o ~ || — S nf |2, Ea(F).

Gnvlin) -

=2.4—1—0 (for interval)
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Generalised resolvent convergence: two definitions

Generalised resolvent converence: quasi-unitary equivalence

A, >0 in Hilbert space .7, for all n € N = NU {oo}.

Definition (generalised norm resolvent converence, QUE-convergence,
[Pos06, Pos12])

A, % A & there is J,: €, — 3 bounded and 6, — 0 such that

[(idoe, —=Jndn)Rall <3 |(idsee —Indp)Rocll < 0n, (1)
|Rso I — JnRnll < 85 (Ry:= (A, +1)71). (2)

If (1)—(2) for some J,, then A,, A are called §,-quasi-unitary equivalent.
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[Pos06, Pos12])

A, % A & there is J,: €, — 3 bounded and 6, — 0 such that

[(idoe, —=Jndn)Rall <3 |(idsee —Indp)Rocll < 0n, (1)
|Rso I — JnRnll < 85 (Ry:= (A, +1)71). (2)

If (1)—(2) for some J,, then A,, A are called §,-quasi-unitary equivalent.

Olaf Post (Universitét Trier) Variants of operator norm convergence AMP 2024-08-13 10/22



Generalised resolvent convergence: two definitions

Generalised resolvent converence: quasi-unitary equivalence

A, >0 in Hilbert space .7, for all n € N = NU {oo}.

Definition (generalised norm resolvent converence, QUE-convergence,
[Pos06, Pos12])

A, ﬁ A & there is J,: €, — 3 bounded and 6, — 0 such that

_= o x> o

idoe, ~J IRl <& (o —Jnd R <
|Rsodn — JaRall <0, (Ro:i= (A, +1)7Y).

If (1)—(2) for some J,, then A,, A are called §,-quasi-unitary equivalent.

(1)
()

Generalisation of classical norm resolvent convergence

@ 5, =0 for (1): J, unitary; w.l.o.g. 5, = A, J, =id.
Then (2) <= ||R, — Rx|| — 0 (classical norm resolvent convergence)
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Generalised resolvent convergence: two definitions

Generalised resolvent converence: quasi-unitary equivalence

A, >0 in Hilbert space .7, for all n € N = NU {oo}.

Definition (generalised norm resolvent converence, QUE-convergence,
[Pos06, Pos12])

A, ﬁ A & there is J,: €, — 3 bounded and 6, — 0 such that

O 0
[(idse, =Jndn)Rall < 0 [l —Indp)Recll < 4, (1)
IRt = JoRoll < 6C (R = (Bn+1)7). )

If (1)—(2) for some J,, then A,, A are called §,-quasi-unitary equivalent.

Generalisation of unitary equivalence

@ 5, =0 for (1)—(2): J, unitary and A,, A unitarily equivalent
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Generalised resolvent convergence: two definitions

Consequences of generalised norm resolvent convergence

Definition (generalised norm resolvent converence, QUE-convergence)

A, 55 A & there is J: I, — 5, bounded and §, — 0 such that
(1) II('doo S D) Reo|l < 0, [I(idn —=JI")Rall < Gn, (2) [|RnS = IRl < 6. |
Theorem ([Pos06, Pos12])
From A, &5 A, we conclude
QUE
o [lo(An) = Jnp(As) il < Cwan (e.g. v:e(N) = e, p=1)
e 0(A,) = 0(Ax) on compact intervals [also for discrete and essential
spectrum], convergence of eigenfunctions )

In particular: no spectral pollution
Aoo € 0(As) <= TF(An)n: An € 0(An), An = Ao
we cannot have (generalised) norm resolvent converence for compact spaces (with

purely discrete spectrum) converging towards a non-compact one (with essential

spectrum
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Both concepts together

Definition (QUE-convergence)

gnrc

A, Q—UE> A, with speed §, — 0 if 3 contractions J,: ¢, — . s. th.

”(id%n _J:Jn)Rn” < 5na ||(id%oo _JnJ:)ROOH < §nv ”Jan - Roan” < dp.
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Both concepts together

Definition (QUE-convergence)

gnrc

A, @ A, with speed §, — 0 if 3 contractions J,: ¢, — . s. th.

”(id%n _J:Jn)Rn” < 5na ||(id%oo _JnJ:)ROOH < §nv ”Jan - Roan” < dp.

Weidmann [Wei00] (see also [B5gl8]) defined for operators acting in different
Hilbert spaces: (more precisely for subspaces .74, C )

Definition (Weidmann convergence)

A, ijr_Z A with speed §, — 0 if there are isometries ¢,: %, — # (n € N) into
el
a Hilbert space with . .
lenRnty — too Rootio |l < dp.
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Both concepts together

Definition (QUE-convergence)

A, ZTE Ao, with speed 8, — 0 if 3 contractions J,: %, — s s. th.

||(id%n _J:Jn)Rn” < On, ”(id%oo _JnJ:)ROOH < On, ”Jan - Roan” < On.

Weidmann [Wei00] (see also [B5gl8]) defined for operators acting in different
Hilbert spaces: (more precisely for subspaces .74, C )

Definition (Weidmann convergence)

A, ijr_Z A with speed §, — 0 if there are isometries ¢,: /%, — # (n € N) into

el
a Hilbert space with . .
lenRnty — too Rootio |l < dp.

Interestingly, both concepts are equivalent!
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Equivalence of both concepts

Compare both concepts

gnrc

By 25 Do iff [(idn —J5 In)Ral < G, [[(idoo —InJi)Rooll < Gn, 1 9nRn — RooJall < dn.

gnrc

A, —> Ao iff ||Dp|| < 8n — 0, Dn i= tnRnt) — oo Rootly, tn: H4 — H isometries

Theorem ([PZ22]) A, gnrcA — A, gnrcA J
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Equivalence of both concepts

Compare both concepts

gnrc

By 25 Do iff [(idn —J5 In)Ral < G, [[(idoo —InJi)Rooll < Gn, 1 9nRn — RooJall < dn.

gnrc

A, —>Aoo iff ||Dnl|| < 8n — 0, Dy = tnRnt) — toc Rootl,, tn: H — F isometries

Theorem ([PZ22]) A, gnrcA — A, %A

”

Simple direction: "=".
Step 1: Set J, ::@ P, = 1nt}, P =idy —P, (n € N) ONP in #

(id, = J)Ry = L PL Dyln, (idoo —Jnd)Roo = =12 P Dyt
% Rndn — JnRoo = t5.Dtn
b S
C o 1 /@ \ O
J 3 D

’)X,\’\,)\f/\s,(ﬁ
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Equivalence of both concepts

Compare both concepts

gnrc

B 55 Do iff [[(idn —J5 In)Rall < G, [[(idoo —InJ)Rooll < Gn, 1 9nRn = RooJall < 6.

gnrc

A, *> Ao iff ||Dpl|| < 8n — 0, Dy i= tnRnt) — toc Rootly, tn: H4 — H isometries

Theorem ([PZ22]) A A e A, gnrcA

Weid )
Simple direction: “=—".
Step 1: Set Jy, := 1% tn, Pni=1nt}, P+ =idy —P, (n € N) ONP in 2#
(idp, =2 IRy = t5PL Dyt (idoo —Jnd?)Roo = =15 P Dytoe
Rndn — JnRoo = t5 Ditn
|Dall < 8, then Ay 6,-QUE (same convergence speed) D)
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Equivalence of both concepts

|dea of proof, more complicated direction

gnrc

By 255 Do ff [(id I Jn)Rall < n, [[(idoc —In5)Rocll < 60, [lJnRn = Roc ]l < 3.

gnrc

Ap —> Do iff ||Dp]] <8p— 0, Dy := thRnt} — toc Rootly, tn: 5 — J€ isometries

Theorem ([PZ22]) A gnrc A — A gnrc A

Wel )
Complicated direction: "<=".
@ Find common (“parent”) space " and isometries t,: %, — S, that
factorise J, = ¢ty (n € N) (Step 3 later)
A . /
Y. — ¥
A 0
0
y

——=r— == = ~
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|dea of proof, more complicated direction

gnrc

By 255 Do ff [(id I Jn)Rall < n, [[(idoc —In5)Rocll < 60, [lJnRn = Roc ]l < 3.

gnrc

Ap —> Do iff ||Dp]] <8p— 0, Dy := thRnt} — toc Rootly, tn: 5 — J€ isometries

Theorem ([PZ22]) A gnrc A — A gnrc A
Wel i

"

Complicated direction: "<=".

@ Find common (“parent”) space " and isometries t,: %, — S, that
factorise J, = ¢ty (n € N) (Step 3 later)
e write D, = POLOD,,P,, + P, D,,Pnl + PoD,P, in terms of

(idOo —JnJ:)R,,, (id,, —J;:J,,)ROO and J,R,—RsJ, (or only estimate in norm!)

@ Step 2: Assume there are isometries ¢, such that J, = % ¢, (necessarily

IJall < 1) then
~ _—
”PoJSDnPn” = [[Rn(id, *J:Jn)Rn”l/z < 5,%/27 s
||PooDnPn|| = ||Jan - RooRn” S 5n D)
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Equivalence of both concepts

How to factorise identification operator?

Define so-called defect operator / | 5 W )

(; _qx 1/2
W,, = (Id%" JnJ,,) /f \
(idea from Béla Sz6kefalvi-Nagy [SNFBK10])

Why? — /V/\]
e -

We have
= dafalle, + IWafall%e, = Ifall2, <
H'DoloDnPnHi@ )= ||Wan||i@(3ﬁ,) = IRy (idoe, =I5 Jn) Rull 2 (22,

T 15> Sl ORI B
“f\LFLLz - “Agwfﬂ
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How to factorise identification operator?

Define so-called defect operator
W, := (id, —J; dn)Y/?
(idea from Béla Szbkefalvi-Nagy [SNFBK10])
Why?
We have
[Infall3e., + IWafal2e, = [1fall%,
1P DaPall %6y = IWaRal1 23y = 1IR3 (id, =5 Jn) Rall 2525

Set (f = (foos f1, f2y... ) € F)

H = A & P A,

neN
Loofoo 1= (f,0,0,...)
tnfp = (Infn,0,...,0, W,f,,0,...) (n-th position)
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How to factorise identification operator?

Define so-called defect operator

Wiy = (id, —J5 Jn) /> YNy
(idea from Béla Szbkefalvi-Nagy [SNFBK10])
Why?
We have

[Infall 3. + IWafallZe, = [1fall%e;
H'DoloDnPnHi@(,%) = ||Wan||233(3f,,) = ||R;(ids, -
Set (f = (fxo, fi, f2,...) € F)
H = Ho ® @jﬁ,
neN
Loofoo 1= (f,0,0,...)
tnfy = (;jgfav 0,...,0,W,f,,0,...) (n-th position)

:JH)RHHQ(%J

@ then i, ¢, are isometries
@ and they factorise J,, as v5 tp = J, ©
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Equivalence of both concepts

A modified version of QUE-convergence

One can see that using a modified version of QUE-convergence leads to the same
convergence speed in both directions:

Definition (modified QUE-convergence)

A, = Zgnrc AL, & there are contractions J,: %, — . and 6, — 0 such that
HRn(idﬁfn *J:Jn)"'?n”l/2 < 5"7 ||R06(id%oo *JnJ:)Roow/z < §m

|Rsodn — JnRnll <60 (Rn:=(An+1)71).

o Note that A, 55 A (with 6,) implies A, "% A, (with 5+'%)

o the first changed condition of the modified QUE—convergence is equivalent
with
0 )fal1? = [ dnfall? < 2||(A, + 1)F,||? for all £ € dom A

L >
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Other concepts of convergence for varying spaces

@ In homogenisation theory (Marchenko-Khruslov, Pastukhova and many others
...): some sort of strong resolvent convergence

o [ (or Mosco) convergence: related to strong resolvent convergence
([|Raf — Roof|| — 0O for all f € 57)
Strong convergence does not imply spectral convergence! (only
o(H) C lim._00(A,) — spectral pollution possible

@ V. A. Marchenko and E. Y. Khruslov, Homogenization of partial differential equations,
Progress in Mathematical Physics, vol. 46, Birkhduser Boston, Inc., Boston, MA, 2006,
Translated from the 2005 Russian original by M. Goncharenko and D. Shepelsky.

@ S. E. Pastukhova, On the convergence of hyperbolic semigroups in a variable Hilbert space,
Tr. Semin. im. |. G. Petrovskogo (2004), 215-249, 343.

@ K. Kuwae and T. Shioya, Convergence of spectral structures: a functional analytic theory
and its applications to spectral geometry, Comm. Anal. Geom. 11 (2003), 599-673.
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Equivalence of both concepts

Other concepts of convergence for varying spaces

@ In homogenisation theory (Marchenko-Khruslov, Pastukhova and many others
...): some sort of strong resolvent convergence

o I (or Mosco) convergence: related to strong resolvent convergence
(IRnf — Roof|| — 0 for all f € 52)

Strong convergence does not imply spectral convergence! (only
o(H) C lim._00(A,) — spectral pollution possible
@ V. A. Marchenko and E. Y. Khruslov, Homogenization of partial differential equations,

Progress in Mathematical Physics, vol. 46, Birkhduser Boston, Inc., Boston, MA, 2006,
Translated from the 2005 Russian original by M. Goncharenko and D. Shepelsky.

@ S. E. Pastukhova, On the convergence of hyperbolic semigroups in a variable Hilbert space,
Tr. Semin. im. |. G. Petrovskogo (2004), 215-249, 343.

@ K. Kuwae and T. Shioya, Convergence of spectral structures: a functional analytic theory
and its applications to spectral geometry, Comm. Anal. Geom. 11 (2003), 599-673.

Our equivalence of both concepts allows to define strong resolvent convergence
also for the QUE-setting. In Weidmann's setting this is clear:
lenRnthf — too Rootiofll e — O for all f € 5 ~ work in progress . ..
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Distances related to the generalised convergences

Describe convergence in terms of a distance (or pseudo-metric)

@ consider J, as a sort of distance between (self-adjoint) Ry and R, and define

diso(R1, R2) = inf{|[t1R1] — toRat3]| | tn: HAN— H isom. S Hilbert space }
dque(R1, R2) := inf{ §(R1, Ro, J) | J: 4 — 5 contraction }
8(Ri, Ro, J) := max{||Ru(id1 —J* )Ry ||*/2, || Ra(id2 — IS ) Ro||2/2,

[RaJ — JRy||}
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Distances related to the generalised convergences

Distances related to the generalised convergences

Describe convergence in terms of a distance (or pseudo-metric)
@ consider J, as a sort of distance between (self-adjoint) Ry and R, and define

diso(R1, R2) == inf{ |[taR1e] — taRot3|| | tn: S — S isom. S Hilbert space }
2- dque(R1, R2) := inf{ §(R1, Ro, J) | J: 4 — 5 contraction }
8(Ri, Ro, J) := max{||Ry(id1 —J* J)Ry||*/2, || Ra(id2 — IS ) Ro||2/2,
[RaJ — JRy||}

Clearly we have:

° A, ng—d> Ay < digo(Rn, Reo) — 0 and

° A, ";)g—UE Ay <= dgue(Rn; Rs) — 0
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Distances related to the generalised convergences

Distances related to the generalised convergences I

Our next main result is:

Theorem ([PZ24a])

For self-adjoint and bounded operators Ry and R, we have
° dque(Rh RZ) S diso(Rh R2) S ﬁdque(Rlv RZ)
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Distances related to the generalised convergences

Distances related to the generalised convergences I

Our next main result is:

Theorem ([PZ24a])
For self-adjoint and bounded operators Ry and R, we have
° dque(Rh RZ) S diso(Rh R2) S \/gdque(Rlv RZ)

@ diso(R1, R2) = dhausd(c(R1), 0(Rz)), if both have purely essential SpectrLCLﬁ}
containing 0

Olaf Post (Universitét Trier) Variants of operator norm convergence AMP 2024-08-13 19 /22



Distances related to the generalised convergences I

Our next main result is:

Theorem ([PZ24a])
For self-adjoint and bounded operators Ry and R, we have
° dque(Rh RZ) S diso(Rh R2) S \/gdque(Rlv RZ)
@ diso(R1, R2) = duausd(c(R1), 0(Rz)), if both have purely essential spectrum
containing 0
0 dio(R1,R) =0 <= dyue(R1,R2) =0 <= 04(R1) = 0u(R2),
o € {ess, disc}
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Distances related to the generalised convergences I

Our next main result is:

Theorem ([PZ24a])
For self-adjoint and bounded operators Ry and R, we have
3 doe(R1, R2) < doo(R1, R2) < V30gue(R1, Re) (- )

> 0 diso(R1, R2) = dhausd(0(R1), 0(R2)), if both have purely essential spectrum
containing 0

o diSO(R17 Rg) =0 < dque(Rh R2) =0 < U.(Rl) = O’.(Rz),
o € {ess, disc}

0 £, 55 Ay = do(Rn, Rec) = 0 <= A, n& A s
dque(Rn,Roo) — 0
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|dea of proof

o We use a result by,Azoff and Davies [AD84]\defining
duni(Rla RQ) = |nf{ ||U12R1 Uf2 — R B() Upp € Unl(%,%) },

(] Clearly, duni(Rla RQ) Z diso(Rh R2)
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|dea of proof

o We use a result by Azoff and Davies [AD84] defining
dum(Rl, R2 |nf{ ||U12R1 Uy, — R2||33(jf2) | U € Uni(%,%) },

o Clearly, dyni(R1, R2) > diso(R1, R2)

@ Azoff and Davies define the so- CaHEdW
ar,(A) == lim,_orank 1y x1r)(Rn) € No :={0,1,2,... } U {oo}.

@ We have ag, = ag, iff Ry and R, have the same essential and discrete

spectrum (including multiplicity) P—

1 7 —

_ A
66\1\ CGC()(
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|dea of proof

o We use a result by Azoff and Davies [AD84] defining
duni(R1, R2) = inf{ || U2 R1 Uz, — Rall () | Urz € Uni(J4, ) §,

o Clearly, dyni(R1, R2) > diso(R1, R2)

@ Azoff and Davies define the so-called crude multiplicity function
ar,(A) == lim,orank 1(x— x40y (Rn) € No :={0,1,2,...} U {oo}.

@ We have ag, = ag, iff Ry and R, have the same essential and discrete
spectrum (including multiplicity)

@ Azoff and Davies show (a sort of Prokhorov distance)

5(aR1aaR2)
= inf{e > 0|Vl op.int.: ag () < ag,(B(1)) and ag, () < ag (B:(1)) }
= duni(R17R2)v
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|dea of proof

o We use a result by Azoff and Davies [AD84] defining
duni(R1, R2) = inf{ || U2 R1 Uz, — Rall () | Urz € Uni(J4, ) §,

o Clearly, dyni(Ry, R2) Z<d;so(R1, R>)

@ Azoff and Davies define the so-called crude multiplicity function
ar,(A) == lim,orank 1(x— x40y (Rn) € No :={0,1,2,...} U {oo}.

@ We have ag, = ag, iff Ry and R, have the same essential and discrete
spectrum (including multiplicity)

@ Azoff and Davies show (a sort of Prokhorov distance)

5(aR1aaR2)
= inf{e > 0|Vl op.int.: ag () < ag,(B(1)) and ag, () < ag (B:(1)) }

O(Rv\ = O( (_b‘ RV‘ (_ﬁ = duni(Rh R2),

@ Main observation (from us): if 0 € Gess(R1) N Tess(R2) then
(5((1}?1 ’ CYRZ) = 5(04L1R1Lf ) abszL;)
(R, and ¢, Ry differ only in O in their spectrum)
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Distances related to the generalised convergences

Sharpness of our results

e For R, = ryid (rn € R) we have

w2\ n — Rl T max{|nf? |n)?)

< diso(R1, R2) = min{|ry — ro|, max{|r1],|r|}
< duni(R1, R2) = [ — ra| = [|R1 — Ra|l () = dhausd(0(R1), 0(R2))

o the first inequality is strict if r1 # r» (note that (r; 2 + r272)71/2 < min{r, n})
e the second is strict provided ri - r» < 0.
@ For Ry = R and R, = 0 we have

1
dque(R,0) = —=|[R|| < diso(R,0) = duni(R,0) = [|R]|.
V2

This shows that the (maybe non-optimal) constant v/3 has to be at least /2.
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Outlook

@ the quasi-metrics dyni, diso and dq,e describe actually distances between the
essential spectra and a distance between the discrete spectra (respecting
multiplicity)

some results extend to non-self-adjoint operators

equivalence of QUE- and Weidmann's convergence allows to transfer strong
resolvent convergence to the QUE case

extension to Banach spaces possible (?)

refine method with identification operators
J}: dom&, = domé&, and J': dom&, — dom&,,

on the level of enery form domains such that ||(J, — J})f|| < 6,/
1(Jy = I ull < dnllulle.. -

£, resp.
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