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Let G = (V, &) be a connected infinite graph, possibly having
loops and multiple edges and embedded into the space RY. Here V
is the set of its vertices and € is the set of its unoriented edges. If
the vertices u, v are jointed by some edge, then we denoted it by

u~v. Let T be a lattice in RY with a basis ay, ..., aq, i.e.,
d
= {a:a:Znsas, ns € Z, }
s=1

We define the equivalence relation on RY:
x=y(modl) <& x-—-yerl Vx,y e Rq.

We assume that a graph G satisfies the following conditions:

1) G=G+aforanyactT;

2) the fundamental graph Gy := G/T is finite.
The basis ay, ..., aq of the lattice I will be called the periods of G.
The fundamental graph Gg is a graph on the d-dimensional torus
RY/T. The fundamental graph Gy = (Vo, &p) has the vertex set
Vo = V//T, the set Eg = E/T of edges, which are finite.



Let £2(V) be the space of functions f : V — C equipped with the
norm Hf||§2(\7) =Y ev [f(v)[? < co. We define the discrete
Laplacian A on G by

(AF)(v) =D (F(v) = f(w),  F=(f(v))eP(V), veW.

v~u

Recall that A is self-adjoint and 0 € o(A) C [0, A] for some
A4 > 0. The spectrum of the operator A on the periodic graph G
has the form

0(A) = 0ac(A) Uop(A),

where 0,c(A) is the absolutely continuous spectrum, which is a
union of non-degenerate bands, and o,:(A) is the set of all flat
bands (eigenvalues of infinite multiplicity). An open interval
between two neighboring non-degenerate bands is called a gap.



The Lebesgue measure |o(A)]| of the spectrum of the Laplacian
A satisfies an estimate from EK + Saburova [2014]

lo(A)] <48,

where 5 = #E¢ — #Vo + 1 is the Betti number of the fundamental
graph Gp. Note that the Betti number 3 can also be defined by
the following equivalent ways:

the dimension of the cycle space € of the graph Gy, i.e.,
8 = dim C.



We consider the Schrodinger operator H = A — V on £?(V).

Theorem (EK + Slouschs, SPb Math. J. 2020). Consider
the Schrédinger operator H = A — V on (?(V), where the
potential V > 0 and V € E%(V), d > 3. Then the operator H has
a finite number of negative eigenvalues (counting with multiplicity)
and their number N satisfies

| Q.

N < CHV”ZJ(\?y p= 5’

for some C = Const(G, d). Moreover, if H = A — 7V, 7 > 1, then
N = o(7P) as T — +o00,

Remarks. 1) Theorem for G = 79 was obtained by Levin,
Rozenblum, Solomyak and by Bach.
2) In the proof we use methods of Birman devoted the continuous
case R9. We also need results of Korotyaev-Saburova [2016] about
the effective masses for Laplacian on periodic graphs.
3) In the case of complex potentials we do not know when the
number of eigenvalues ¢ oess(H) is finite.



We consider Schrodinger operators H = A + V on cubic lattice
79,d > 3, where A is the Laplacian and the potential V € ¢P(Z9)
for some p € [1,00). We discuss the following:

1) We consider the Laplacian A on the lattice and estimate the
group e™® and the resolvent (A — A)~! acting in some Banach
spaces uniformly with respect to the spectral parameter from the
upper half-plane.

2) We apply these results to Schrédinger operators with real
decaying potentials from some Banach spaces.

3) We consider the inverse problems for the Schrodinger
operators

4) We consider Schrodinger operators with complex decaying
potentials from some Banach spaces. In particular, we obtain trace
formulas and estimate eigenvalues in terms of the potential.



Consider Schrodinger operators H = Hg + V on (?(Z9),d > 3,
where A is the discrete Laplacian on Z given by

(Af)(n) Z fm, 0= ()" €29,

|n m|=1

for f = () peza € £2(Z9). The potential V = (V,,)pez4, Va € R,
is a multiplication operator

(VF)(n) = Viufa.

We always assume that V' € ¢P(Z9) for some p € [1,00), where
¢P(Z9) is the space of sequences f = (f,),cz¢ equipped with the

norm
12 = 171y = 3 1617 < o0
nezd



We can describe spectral properties of H by the Fourier
transformation @ : 62(Zd) — L2(T9), defined by

F(k) = (F)(k 7Y fe ™ k= (k)f € T,

( 2 nezd
where T = R?/(27)97Z9 is the flat torus. Thus we obtain

A =0A0" =) cosk;, o(A)=0.(A)=[-d.d],

H=0®Hd* = A+,

A 1 \/ INEL L /
vV ) (k) = (277)% /Td V(k — K')F(K')dK',
Z V e—/nx
( 2 nezd

In fact, this is a special case of the Friedrichs model.



There are a lot of papers and books about dim d = 1. Mainly
these results are devoted to scattering for the Jacobi operators
with decreasing perturbations on the lattice Z. These results are
applied to so-called Toda lattice. The case dim d > 1 is more
complicated. The main problem: we have not a good
representation of the Laplacian resolvent.

There are results about spectral properties of discrete
Schrodinger operators H = A + V with decreasing potentials on
79,d > 2. We describe these results.



Boutet de Monvel and Sahbani [99] describe the properties of H
when |V,| < C(1+ |n|)7?,a > 1

(1) op(H) \ Sq is discrete and finite multiplicities with possible
accumulation points in Sq = [—d, d] N (d + 27Z) where
So ={0,£2} and S3 = {£1,+£3},..... and

0ac(H) = o(Ho) = 0ac(Ho) = [—d, d], osc(H) = 0.

(2) Let p be a multiplication operator by p, = ==—. An

) (1+|nl) -
operator-valued function
FO) = V(A -NTVE,  a>2,

on (?(Z9) is analytic in C \ [~d, d] and continues up to the

boundary without set of critical points Sq = [—d,d] N (d + 27Z),
(3) The wave operators

itH g itHo.

Wi =s—Ilime t — +o0o,

exist and are complete, i.e. the range of Wy is equal to H,c(H).



Isozaki-Marioka [14] show non-existence of embedded
eigenvalues on the interval (—d, d) for H = A + V with finitely
supported potentials V in the whole space Z9.

Rosenblum-Solomjak [09] obtain sharp estimates for the number
of negative eigenvalues.

Hundertmark-Simon [02] determine so called Lieb-Thirring type
inequalities for the discrete case.

Korotyaev-Kutsenko [10] study the inverse problem for the
discrete Schrodinger operators on graphene nano-ribbons in
external electric fields.

Recently, Hayashi, Higuchi, Nomura, and Ogurisu computed the
number of discrete eigenvalues for finitely supported potential.

Parra and Richard [18] extended the results of Sahbani and
Boutet de Monvel to general graphs.

Eigenvalues and trace formulas for discrete Schrodinger
operators with complex potentials on Z9, d > 3 were described by
Korotyaev-Laptev [18], and Malamud-Neidhardt [15].



Inverse problem. Now we discuss the case d > 3 and uniformly
decaying potentials V.

Theorem (lsozaki + Korotyaev, Ann. H. Poincare, 2012)
Let d > 3 and let V satisfy

C

—_ z 2.
A+ VYneZ, a>

[V(n)| <
Then

(i) The operator-valued function |V\%(A — )Y V|% is analytic
in the cut domain C\ [—d, d] and is Hélder up to boundary.

(ii) Each eigenvalue of H has a finite multiplicity.

(iii) Suppose a potential V is finitely supported. Then from the
scattering operator S = W} W_, one can reconstruct V.
Moreover, the mapping V. — S is an injection.

It is a first result about the inverse scattering problem for
79,.d > 3. Later on, Ando, Isozaki, .... describe the inverse
scattering problems for other graphs.



1. Estimates. In the famous paper Kato [1966] considered the
Laplacian A on the space Lz(Rd), d > 2. He proved the following
estimates:

(i) For all t € R\ {0} and u € LI(RY),q > 2, we have

, _d
lue’™ul| < Calt| ™ |ull2,

for some constant Cy depending on q only.
(i) Let u € L95(RY),d > 2 + ¢ for some & > 0. Then

lu(=A =271l < Cae(llulld_c + llulldie), YA eC\[0,00),

for some constant C4 . depending on q, < only.
These estimates are very important in mathematical physics.
There are a lot of papers where these estimates were used.
Our main goal to determine similar estimates for the graphs.



We assume that V satisfies

1< 6 if d=3
Ve to(z9), P, .
1<p<39 if d>4

Theorem (EK+Moller, 2020 Ark. Math.). Let complex
V € P(Z9),d >2,p>1. Then

L 1 _d
Ve8| Vz| <[t 3|V, ¥V teR\[-1,1].

Let in addition V satisfy (1) and d > 3 and let

Yo(A) = [V[3(A = N)Y V]2, AeC\[-d.d].

Then the operator-valued function Yy : C\ [—d, d] — B2
(Gilbert-Schmidt class) is analytic and Hélder up to the boundary.
Moreover, it satisfies

YoMls, < GV, VAeC\[-d,d]

where C, depends on p,d only and we have an estimate of C, in
terms of p,d. Moreover, if C,||V|, < 1, then the operator
H = A + V does not have eigenvalues.



Remarks. 1) Kato [66] obtained similar results for the
continuous case RY.

2) The method of Kato does not work for Z¢ and conversely our
method does not work for RY.

3) In the proof we use the recent integral estimates of Bessel
functions from Krasikov' s paper.

Now we describe spectral properties of Schrodinger operators

Theorem (Korotyaev, Moller, 2020 Ark. Math.). Let a real
potential V satisfy (1) and d > 3. Then the wave operators
itH o—itHo

Wi=s—Ilime as t — +oo

exist and are complete, i.e., #4(H) = Ran Wy and

oac(H) = 0ac(A) = [—d, d],



2. Complex potentials. We consider the Schrodinger operator
H = A + V. We assume that the potential V' is complex and
satisfies the same (1):

1<p<? if d=3
V e P(Z%), Pes ! .
1<p< 55 if d>4
Recall that the spectrum of the Laplacian A is absolutely

continuous and
o(A) = 0.c(A) = [—d, d].

It is also well known that if V satisfies (2), then the essential
spectrum of the Schrodinger operator H on ¢2(Z4) is

oess(H) = [—d, d].

The operator H has N < oo eigenvalues
{An,n=1,....., N} N < oo outside the interval [—d, d].



Define disc D, = {z € C : |z| < r} C C with the radius r > 0;
Define the new spectral variable z € D = D by

A= \(z) = ;’<z+i> eA=C\[-d,d], zeD=D.
The function A(z) has the following properties:

e ) The function \(z) is a conformal mapping from D onto the
spectral domain A, which is the cut domain with the cut [—d, d],
having the upper side [—d, d] + i0 and the lower side [—d, d] — i0.

¢ )AD)=A=C\[-d,d] and \(DNC4) =Cx4.

e ) The function \(z) maps the boundary: the upper semi-circle
onto the lower side [—d, d] — i0 and the lower semi-circle onto the
upper side [—d, d] + i0.

e ) The function \(z) maps the point z = 0 to the point A = co.

e ) The inverse mapping z(-) : N — D is given by

z::j<A—m>, AeN=C\[-d,d],

d  0(1)

o Tl

as |\ — oo.



Define the Hardy space #,. For 0 < p < oo we say F belongs
the Hardy space 77, = J7,(D) if F is analytic in D and satisfies
I|F| A, < 00, where HFH%’; is given by

1
. P
_ Jsuprcony| 25 Jr [F(re™)|Pdv if  0<p<oo
1F 1l -
p
sup,ep | F(2)] if p =00

Note that the definition of the Hardy space involves all r € (0,1).
Let B denote the class of bounded operators. Let B; and B, be
the trace and the Hilbert-Schmidt class equipped with the norm
| - ls, and || - ||, correspondingly.
We define the modified determinant D(z),z € D by

D(z) = det| (I + Yo(A2))e W@ |, zeD,

Yo(\) = VZ(A - M\)7YV|2, V=V2|V|z, AeA=C)\[-d,d]

The determinant D(z),z € D is well defined, since Yp(A) € Bo. It
is well known that if A\g € A is an eigenvalue of H, then
2y = z(Ao) € D is a zero of D with the same multiplicity.



We present preliminary results.

Theorem C1. Let a complex potential V' satisfy (1). Then the
determinant D(z), z € D is analytic, Hélder up to the boundary,
and satisfies

1D] e, < eSEIVIB2, 3)

where C, depends on d,p only. It has N < oo zeros {zj}jN:1 in the
disc D, such that

0<rn=l|zal< |z < |z < D (1-]z]) <o

Moreover, the function (z) = log D(z) is analytic in D, and has
the following Tailor series (here a = % )

U(2) = —1ppz® — 3z — gz + ... , as |z|] < n,
a° a3
o= TTVE =TT VA



This Theorem and below firstly were proved jointly with Ari
Laptev for potentials under the condition: V € Eg(Zd). We
improve these results using the above joint results with Jacob
Moller.

Define the Blaschke product B(z),z € D by



We describe the well-known properties of the Blaschke product
B in this case. The Blaschke product B(z) converges absolutely
for {|z| < 1} and satisfies the function B € 7%, with || B~ < 1.
The Blaschke product B has the Taylor series

logB(z) = By — Biz — Bz —..., as  z—0,
where By = log B(0) = log [ |z| < 0 and B,, n > 1 satisfy

1 _ 1 1 _
=Y (L-5) Bt Y (H-7)
! 1SN N

1<<N

2
|Bn| < o Z (1= 1zl).

0 1gign

where >, . n(1 = |z]) < oo



We describe the canonical representation of the determinant
D(z) and the basic properties of its zeros.

Theorem C2.Let a complex potential V satisfy (1). Then there
exists a singular measure v > 0 on [—m, 7| such that the
determinant D has a canonical factorization for all |z| < 1 given by

D(z) = B(z)e K@) elo(2),

1 (7 e’t—l—z

KI/(Z) = 27_‘_/ oit _ZdV( ) (5)
1 ™ e’t—i—z ;

Kolz) = o | S 2 log ID(e) ot

where the function log |D(e™)| € L}(—m, 7). and the measure v

satisfies .
suppv C {t € [-m, 7] : D(e"*) = 0}. (6)



We describe .
Theorem C3. Trace formulas Let a complex V satisfy (1).
Then

T 1 & )
o< g = "o D(e)et, (7)
2m 2t J_,
1 .
B, =+ - / e Mdu(t), n=12 ... (8)
T

where By = log B(0) = log [[|zj| < 0 and B, are Taylor
coefficients of B and v = log D, and the measure
du(t) = log |D(e)|dt — duv(t). In particular, (recall )1 = 0)

£(35) -2

Jj=1



The simple inequality 1 — x < —log x for V x € (0, 1] and the
identity

v(T)

2w

1 [7 '
— By = 271'/ log |D(e)|dt > 0,
where By = log B(0) = log [ ] |z;| < 0 and the estimate
1D . < eSIVIE/2

imply the following estimates.
Corollary C4. Let a complex V satisfy (1). Then

v(T) Cf 2
5+ (=I5 < SIVIE.

and in particular, if Im V > 0, then

N
S tmy < VI
Jj=1



Here there are a lot of open problems. For example:

1) when the operator H has a finite number of eigenvalues?

2) when the operator H has a infinite number of eigenvalues?
(to construct an example). If yes, to describe accumulation points.

3) To describe the a singular measure v > 0 on [—m, 7].



Trace formulas for real potentials. We consider Schrodinger
operators H = A + V with real potentials V' under the condition
(1). In this case all eigenvalues \; and the numbers z;,j =1,..., N
are real. Thus we have the same modified determinant D(z) and
D belongs to the Hardy space 77%,. We formulate results about
trace formulas and estimates.

Corollary C5. Let V be real and satisfy (1). Then

v(T) 1 [7 ;
—By=— | log|D(e")|dt >

o B og|D(e")|dt > 0, (9)

N . d ,

D N - d2sign ) = /e"td,u(t), (10)

; 21 Jr

Jj=1
N ) 1 d? ,
SO - @yl = ST V2 /e‘z’td,u(t), (11)
= 2 47 T

where By < 0



Corollary. Let V be real and satisfy (1). Then

v(T) C? 2
*B <7* V L]
N
1> =l < VIS
j=1
N 2
2 2,1 1 2 d° 2
>N =yl < 3 T v+ TCVIE,
J:

where By < 0 and »; = |/\j2 - d2|% sign A;.



A Carleson set E is a closed set of measure zero contained in the
unit circle T for which, if the intervals complementary to E have

lengths ¢,
1
Zé‘n log — < 0.
En

This yields that a closed subset of a Carleson set is itself a
Carleson set.

Let the algebra A, be the class of all functions analytic in the
open unit disk D with all derivatives bounded in .

Novinger [70] showed that every Carleson set is the set of
boundary zeros of a function f € A, while Beurling [39] proved
that the zeros in 9D of any function, analytic in D and continuous
in D which satisfies a Lipschitz condition on S, must form a
Carleson set.

Recall that suppv C {t € [-m, 7] : D(e') = 0}. Then suppv is
a Carleson set.



Remarks. Introduce the conformal mapping
»:N—K=C)\/[id, —id] by

x=1\/\—d? H=A— ——+ —

Let the eigenvalues A\; = \j; + i)\j> and

7 =\ /)\J? —d?2 = #j1 + ixjp. We rewrite the trace formulas in

terms of \;, 5. In particular,

N

j=1

N

Jj=1

d .
Z<Re%j + iIm)\j> = 27r/ e "tdu(t),
T

. 1 2,
Z[(%jl)\jl—>\j2%12)+’()\jl)\j2+%11%jz)] =5 Tr V2+47T/Te tdu(t).



Scattering on periodic metric graphs.

We consider the Schrodinger operator H = Hop + @ on L2(S),
where Hy = Ay and the potential Q € L2(G) N LY(G) is real. Here
L1(S) is the space of all functions f = (fz)ece on G equipped with
the norm [|f][11(g) = D ece lIfell11(e)- Let B1 and By be the trace
and the Hilbert-Schmidt class equipped with the norm || - ||g, and
| - Ils,, respectively.

In Theorem ?? we show that QRy(k) € By for all k € C4. This
implies that the operator H is self-adjoint on Z(Hp). For any
k € C4 we put

Ro(k) = (Ho — k)1, R(k) = (H— k)7, "
Yo(k) = [QI'/? Ro(k) Q*/2, QY2 = |Q|"/?sign Q. (2

Below we show that the operator Yy(k) belongs to the trace class.
Thus, we can define the Fredholm determinant D by

D(k) = det(/ + Yo(k)), ke Cs. (13)



Korotyaev+Saburova (Rev. Math. Phys. 2020) prove
Theorem. Let Q € L2(3) N LY(G) be real. Then QRy(k) € By
for all k € C4 and H = Hy + Q is self-adjoint on 2(Hy) and

R(k) — Ro(k), Yo(k) €By  VkeCy,

and the determinant D(k) = det(/ + Yo(k)) is well-defined and is
analytic in C1 and the limit D(k + i0) exists for almost all k € R.
Furthermore, the wave operators

Wy = s — lim e'tHe~itHo P.c(Ho) as t — o0,

exist and are complete, i.e., the range of Wy is equal to #45c(H)
and 0,c(H) = 0ac(Ho). Moreover, the S-operator given by

S=Wrw.

is unitary on 7#4c(Ho) and the corresponding S-matrix S(k) for
almost all k? € oac(Ho) satisfies

D(k +i0)

S(K) = I = 20iA(K), A(K) € By, det S(K) = [~



Korotyaev+Saburova (Rev. Math. Phys. 2020) consider the
Schrodinger operator H = Hy + V/, Hy = Ay on a periodic metric
graph G and prove the following: Let V € L}(G). Then the wave
operators

Wi =s—lim e"tHe*"tHOPaC(HO) as t — 400

exist and are complete, i.e., #4.(H) = Ran W,.. But here we have
not results about osc(H) and opp(H). In order to describe these
spectrum we consider the metric Laplacian Ay, on the cubic
metric graph

LY = {(xt,...,xs) €RY|Tjst. x; € Z, forall i # j}.
An edge starting at n € Z9 and ending at n’ € Z9 will be denoted
as the ordered pair (n,n’) € €. The set ¢ consists of the elements

of Z9 together with elements from the edges constituting the edge
set & given by

8:{(n,n+ej)‘n6Zd,j=1,---,d}, (14)

and ¢, = (1,0,...,0),...,e4 =(0,...,0,1) is the standard
orthonormal basis.



€ 0=0. (b)

Figure: a) Lattice L%

b) the fundamental graph L3.



For each edge e € € we define an orientation. An edge starting
at a vertex u and ending at a vertex v from V will be denoted as
the ordered pair e = (u, v). Each edge e of G will be identified
with the segment [0, 1]. This identification introduces a local
coordinate t € [0,1] along each edge. Thus, we give an orientation
on the edge. Note that the spectrum of Laplacians on metric
graphs does not depend on the orientation of graph edges. For
each function y on G we define a function y, = y’e, ec . We
identify each function ye on e with a function on [0, 1] by using the
local coordinate t € [0,1]. We define the self-adjoint positive
metric Laplacian Ay on L?(G) by

(Amy)e =y, v =(Ye)ect: (¥)ece € L*(G),

where y satisfies the so-called Kirchhoff conditions at each vertex.



It is well known that

J(AM) = Uac(AM) U Uflat(AM)a Jac(AM) = RJra

orat(Ap) is the set of all eigenvalues of infinite multiplicity (flat
bands). We have of,:(Apn) = {(7n)?, n € N}.

Let V be the operator multiplication in L?(IL¢). We will write
V = (V(y))yeLd, where

(VA)(y) = V(»)f(y) for yeL?
Consider a Schrodinger operator
H=An+ V.
We define the threshold set T by

‘J’z{(wn+ arccos(259))2 : (n,s) € Ng x {0, 1, ....,d}}

Here No = {0,1,2,.....}. We describe the spectral properties of
H using the Mourre approach.



Theorem. (EK+Moller+Rasmussen) Let V satisfy
IV(y)| < C(A+|n*)"%,a> 2V (y,n) e LI x 29, ly —n| <1.

Then
i) The pure-point spectrum opp(H) is of finite multiplicity in
R4 \ T and can only accumulate at T and os.(H) = 0.
i) Then the operator-valued function ]V|%(AM — k)71 V\% is
analytic in the domain C and uniformly Hélder up to the
boundary in the domain C1 \ {|k — wn| < e,n € N} for any ¢ > 0.
iii) The wave operators
Wy = s — lim e/tHe—tHo as t — +oo
exist and are complete, i.e., 7;.(H) = Ran Wy.
The proof is based on a Mourre estimate.



