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Background. One-sided Toda lattice system

A one-sided Toda lattice system is a system of particles on the real line
with coordinates {x,}7;:

%y = e Con1) _ gmCani=xa) - p—1 2 (1)

(1) is equivalent to

).(n = Yn,
{ _)./n = e_(X"_X"—l) —_ e_(xn-%—l_xn). (2)

With Flaschka transformation
)\n+1 = e_(Xn_Xn—l) - e—(X,,+1—Xn)’ ap = _).(m (3)

then (2) is equivalent to

O..é” = An+1 — Any (4)
Antl = Anpi(Qnpr —an), n=1,2,....

@ F. Peherstorfer, On Toda and orthogonal polynomials, J. Comput. Appl. Math. 133, 2001.
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Background. Hurwitz polynomial

A polynomial f, is called a Hurwitz polynomial if all its roots are located in
the open left-hand side of the complex plane.

Theorem 16. Chapter 15. F.R. Gantmacher, Theory of matrices

A real polynomial of degree n f(z) = h(z?) + z g(z?) is a Hurwitz
polynomial if and only if

g(2) 1
=+ : 5
hz) 1 ®)
doz + 1
c +
1 RS 4 L
o
M2 A1t + O
holds with nonnegative ¢y and positive c1,...,Cm, do,--.,dm—1. Here

co > 0 when n is odd and ¢y = 0 when n is even.
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Motivation

Our

motivation is to attain applications

to the control theory of systems described by block differential
equations and

to robust control: Systems with uncertain physical parameters in the
matrix case.

J. Ackermann, A. Bartlett, D. Kaesbauer, W. Sienel, R. Steinhauser, Robust Control, Springer: Berlin, 1993.

V.L. Kharitonov, Asymptotic stability of an equilibrium position of a family of systems of linear differential equations,
Differential Equations 14, 1979.

ACR, Hurwitz polynomials and orthogonal polynomials generated by Routh-Markov parameters, Mediterranean Journal
of Mathematics, 15:40, 2018.

ACR, The Kharitonov theorem and robust stabilization via orthogonal polynomials, to appear in Visn. Khark. Univ.,
Ser. Mat. Prykl. Mat. Mekh., 86, 2017.

ACR, Extended set of solutions of a bounded finite-time stabilization problem via the controllability function, IMA
Journal of Mathematical Control and Information, 38(4), 2021.

ACR; Korobov's Controllability function as motion time: Extension of the solution set of the synthesis problem, Journal
of Mathematical Physics, Analysis, Geometry, 19(3), 2023.
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The matrix moment problem

Let (sp)n>0 be a sequence of g x g Hermitian matrices. Find the set of
positive g X g measures o on [ such that

oo = /It”da(t), n>0 (6)

e | =[0,00), Stieltjes moment problem,
e | = (—00,00), Hamburger moment problem,
e | = [a, b], Hausdorff moment problem.

e Existence of the solution of the matrix moment problem (MMP).
@ Determinateness of the matrix moment problem.
@ Description of the set of solutions.

If the solution is unique the MMP is called determined.
In the other case the MMP is caled indetermined.

M.G. Krein, Infinite J-matrices and a matrix moment problem(Russian), Dokl. Akad.

Nauk SSSR 69, 1949.
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Comm. de la Soc.Math. de Kharkoff, sér. 4, T.10, 1934.

Akhiezer, N.1.: The Classical Moment Problem, Oliver and Boyd, London, 1965.
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Krein, M.G.; Nudelman A.A.: The Markov Moment Problem and Extremal Problems. Translation Math. Monographs, Vol. 50,
AMS, 1977.

8/42



Vladimir Petrovich Potapov,
Odessa (1914)-Kharkov (1980)
V.P. Potapov, The multiplicative structure of J-nonexpansive matrix functions, Trudy
Moskov. Mat. Ob. 4, 1955.
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I. V. Kovalishina, Analytic theory of a class of interpolation problems lzv. Akad. Nauk
SSSR Ser. Mat., Volume 47, Issue 3, 1983.
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Existence of solutions

The (Hamburger) Stieltjes MMP has a solution iff (H;,, > 0) and
H>, >0, n=0,1,... where

S0 S1 00 0 Sj S1 S oo Sp41
S1 S2 600 o000 S S3

Hl,n = . ) H2,n =
Sn Sp+1 ... S2n Sp+1  Sn4+2 ... S2pn+1

The truncated Stielties MMP with finite number of moments (s;)2"; or (s; f;gl with
Hi,n > 0, H>n—1 > 0 was solved by Yury Dyukarev in 1981 and 1999, respectively.
Yu.M. Dyukarev, The Stieltjes matrix moment problem, VINITI (Moscow) 1981.

Yu.M. Dyukarev, A general scheme for solving interpolation problems in the Stieltjes class that is based on consistent

representations of pairs of nonnegative operators. I. (Russian) Mat. Fiz. Anal. Geom. 6, 1999.

The truncated Hamburger MMP with (sj-)fio moments and Hy , > 0 was studied by:

1.V. Kovalishina, Analytic theory of a class of interpolation problems |zv. Akad. Nauk SSSR Ser. Mat.47(3), 1983.
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g X g positive matrix measure o € M(R, (s;)7"y)

associated with an analytic function s € £(R, (s;)7")
Truncated Hamburger MMP: Instead of o one looks for the associated

1
s(z) = / do(t),s is holomorphic in C\ R and Im s >0, Im z > 0;

Rt—2z

lim z%+1 <s(z) +3 4 ilz +...+ 521-'1) = —sj,
Z—00 V4 z zZ
foro <argz<m—9, 0<d<m/2.
Stieltjes—Perron inverse formula:
t2 _o(t+0)+o(t—0)

1
o(t) —o(t1) = - EI'_% : Im s(x + ie)dx, o(t) = 5
1

Example of a 2 x 2 positive measure on R:
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o
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Definition 1 (V.P. Potapov’'s Fundamental Matrix Inequality (FMI))

The function s is called a solution of the FMI if: i) s is holomorphic on
C\ R. ii) s satisfies:

& |_Rr(2)[vjs(z) — uj]
( R [ys@) — 4" | ((2) = s°(2)/(z - 2) ) 20 (FMI)

v

The FMI for 3 moments sy, s1, s is the following:

S0 S1 (5()2)
51 So zZs5\zZ —*So > 0. (7)
s*(z) zs*(z) —s§ S(Z)Z__Sz (2)

Theorem 1 (V. Potapov-I. Kovalishina)

s is the solution of the FMI iff s is the associated solution of the truncated
Hamburger MMP.




Potapov's approach. Non degenerate case, H; > 0.

H | Re(2)[ys(z) — u] )
- = - >0 FMI
((Rrj(z)[v,-s(z) — 5 | G@) -5 @)/z-2) (FMI)
) s1 . sj 0 ! I 0 0
s1 s oo coa —sp 0 zl 0 0
H; = . uj = , Vi = , Ri(2) = : .
& S eee S —51 0 A

Resolvent matrix for the truncated Hamburger MMP (THMP), H; > 0.

e = (LGN o | —milaG) bty )
M A RET) | T A

(5 7)) o

THMP solutions: s(z) = Un(2) + Ur2j(z) w w(z) / du(t) ( / )
R

T Uny(2) + Unj(z)w’ ) i—z

For A, B € C7*9 with B invertible, set 4 := AB™".

w
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Signature matrix. J := ( S ), S =he, S =

Definition 2
A is J—contractive (J—expansive) if J — A*JA> 0 (A*JA—J > 0). J

. u; e
Uj(2) := hq — 'Z< Vj ) RA(Z)H; (4, vj)J

>0 Imz<0
J-U@2)JU*(z)=¢ =0 Imz=0
<0 Imz>0

Ulz)=JU*(2)J.
Fundamental identity:

0 0 0
CH. LT — vy — gy UF / 0 0
TiH = H; 17 = vjuj —uj vy, T( RO )
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Dyukarev's resolvent matrix of the Stieltjes MMP
21)(2) =l —zuljR (z)Hlj vj,

B

@ (2) i=u3; 1R (2)Hs a1,

0 2J)(Z) =2y Rj (Z)Hlj Vi, 6@~ (Z) =lg+ ZV lR 1(Z)H21 1U2,j—1,
, (2)) 2J 1) . (2)) 5(21 (2)
U@ ( < a®)(z)  pE(z) ) @) ( a®(z) p® o
(2) 7(21)(2) §5@-1) (z) 7(21)(2) 5(21)(2) (8)
(2)) _ lq 0q ly Lo Iy Lji lq 04
L )_( —zMo g ) ( 0 Ig ) 7"\ 04 g —zM; g )’ (9)
(2j+1) — lq 04 lg Lo lq 04 la L
v ( )( —zMy g ) ( 0 I ) "\ —zM; |, 0 1o )’ (10)
Scalar case. Gantmacher F/Krein M (1950)
Matrix case.
Mo :=s; " >0, Lo=sos; " 0 li = 4A2 m; = [A(l iJ’ >0
0:=5 >0, 0o = SS; So > 0, 5 o A(l AJ(I 17 = AA ol 2

I -1 .
M; =vj Hyj v —

% -1 .
L= My jwy —

* -1
Vj*lHl,jflvj_l > 0,

* —1
u2,j—1 H2,j—1 uzj—1 > 0.

A ::det(si-i-k)i,k:m AJ('I) = det(5i+k+1)J,:,k:ov

A, =AY =1

(2004).

Yu.M. Dyukarev, Indeterminacy criteria for the Stieltjes matrix moment problem, Mathematical Notes 75

Yu.M. Dyukarev, Examples of block Jacobi matrices that generate symmetric operators-with arbitrary
possible deficiency numbers. Sb. Math. 201, 2010.
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Orthogonal Matrix Polynomials (OMP)

Let o be a g X g positive measure on [0, +00). We say that the matrix
polynomial P(t) = S27_o Axtk with g x g matrix coefficients A, has
degree n if A, is non-zero. A finite sequence of matrix polynomials (Pj)J’-’:O
is called Orthogonal Matrix Polynomials (OMP) on [0, c0) with respect to
o if:
i) deg Pj(t) = for all j € {0,...,n}.
i) [ Pm(t)do(t)P;(t) = dmjCmj, for all m,j € {0,...,n} where
[0,4-00)
Cmj is a constant non zero g X g matrix.
If Cpj is the identity matrix /;, the sequence of matrix polynomials
{Pj}1 is called Stieltjes Orthonormal Matrix Polynomials.

D. Damanik, A. Pushnitski and B. Simon, The analytic theory of matrix orthogonal
polynomials, Surv. Approx. Theory 4, 2008.

A.J. Duran, P. Lépez—Rodriguez, 2007; H. Dette, B. Reuther, W.J. Studden, M.
Zygmunt, 2006 F.A. Griinbaum, I. Pacharoni, J.A. Tirao, 2003.
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Let (51)2% ((s; )2”“) be a positive sequence, i.e., Hi, >0 and Ho 1 >0 (Ha2, > 0).
P170(Z) 716]5 Ql 0( ) - 0‘77 PZ,O(Z) o= I‘h Q2,0(z) ‘= 50,

Prj(2) :=(= Y1 Hi 1, l)Ri(2)v, Paj(2) = (= Y5 Ha 1, la)Ri(2)v;, (11)
(

—1 .
Qui(2) = — (=Y Hij 1, l)Ri(2)ury, Qei(2) = —(= Y35 Hz 1, l)Ri(2)uzy. (12)
0 —so / I ... 0 0
—s0 —s1 0 zl ... 0 0
uy = . ) Ugj = . v = . , Ri(z) =
—sj_1 —s 0 JIood
sj Sj+1
Sj+1 5 ~ ~
Y1, = 2 ,1<j<n, Yo, = o ,2<j<n, H:=sy, Hag:=s1.
S2j—1 S2j
~ -~ o —1 g
Hlﬁj = S — Y1 Hlj 1Y1’j7 Hg,j = S2j41 — Y2,jH2,j71 Yg’j, J 2 1. (13)

Proposition 1

The polynomials P1; and P»; are OMPs with respect to ¢ and to, respectively. More
precisely,

_ . 0, j#I
P (t)t" ldo—(t)Pk,,(t)_{ ﬁ:‘ jf/ k=12 (14)
o -

[0,400)
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U2 @p 1027 (2) 4

s(z) = , and parameter set < ﬁ ) Extremal solutions of the TSMMP

u( " @p+027(2)

Let Pl,,,, P2,,, be OMP and be Q1,,, Q2. their second kind polynomials.
The following identities hold:
z

(2n) 7)) — Q;,n(E)Q;:n 0) n
U (—szn@)ozn (0) Pln() ()

—zMo +
lq
Lo + P
4L g
Gy ———
If(p)_(l)_Q2,n(2) _ lq
a /) \ 0 ) zP; (z /
5 n(2) oMo+ p /
Lo + £ 7
R M,,_ _|_—q
Sy

ACR, On Dyukarev's resolvent matrix for a truncated Stieltjes matrix moment problem under the view of orthogonal matrix

polynomials, Linear Algebra Appl. 474, 2015.
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Nonnegative pair. Dyukarev 1981, 1999

Let p and q be g X g complex matrix-valued functions which are meromorphic in

C\ [0, +0). Then z is called a Stieltjes pair if there exists a discrete subset Dpq
in C\ [0, 00) such that the following conditions are satisfied:

(i) For z€ C\ ([0, +00) U Dpg),

b ()0(2) + 4" ()al2) > 0. (15)
(i) Forze C\ (RUD)

1 p(z) ) p(2)
s ( a(2) ) (—Jc,)< e ) > 0. (16)
iy ((P@ (e .
(iil) 5 ( p(2) ) JE ( aile) ) >0, ze{zeC: Rez< 0}\D,

where JJ := ( O I > The pairs ( P1 > and ( P2 ) are said to be equivalent if
g Oq q1 q2

there exists a matrix function Q(z) such that the matrices Q(z), Q!(z) are both

meromorphic in C\ [0,4+00) and p1 = p2Q, g1 = q2Q. Let So denote the set of
equivalence classes of Stieltjes pairs.
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U2 @p 1027 (2) 4

s(z) = , and parameter set < ﬁ ) Extremal solutions of the TSMMP

u( " @p+027(2)

Let Pl,,,, P2,,, be OMP and be Q1,,, Q2. their second kind polynomials.
The following identities hold:
z

(2n) 7)) — Q;,n(E)Q;:n 0) n
U (—szn@)ozn (0) Pln() ()

—zMo +
lq
Lo + P
4L g
Gy ———
If(p)_(l)_Q2,n(2) _ lq
a /) \ 0 ) zP; (z /
5 n(2) oMo+ p /
Lo + £ 7
R M,,_ _|_—q
Sy

ACR, On Dyukarev's resolvent matrix for a truncated Stieltjes matrix moment problem under the view of orthogonal matrix

polynomials, Linear Algebra Appl. 474, 2015.
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Proposition 2

Let (Lj)j”"':_o1 and (I\/’j)jm:_ol (resp. (L;)7Zo and (/\/Ij)j”":_ol) be two sequences of positive
Hermitian complex g x g matrices. Let the sequence (s;)77 (resp. (Sj)?’:-ng—l) be
recursively defined by

Mg, if j=0
= ::{ Vi e+ (ML Mo My i =1 0D
and
{ (Mol-o)*l* Lo(MoLo)fl, if j=0
S2j+1

) N . =1 18
Y2fjH27,j171Y2,j Jr( Jk:oMkLk)il Ly ( Jk:oMkLk) if j=1 ( )

for j=0,...,2m (resp. j =0,...,2m+1). Then (s5;):", (resp. (s;);%™") is a Stieltjes
positive sequence.

-1

Hio=My*, Hyj = (ij_—%)MkLk> M, (ij_—éMkLk> ; (19)

— -1" — -1
Hoo =My " Lg' My t, Haj = (ij—oMkLk) Lk ( Jk—OMkLk) - (20)

ACR, On Dyukarev's Resolvent Matrix for a Truncated Stieltjes Matrix Moment Problem under the View of
Orthogonal Matrix Polynomials, Linear Algebra Appl., 474, 2015. 2/42



Since L; > 0 and M; > 0, we get that

Hij>0,  H; >0, forall jeNo. (21)

H1 i—1 Y1 i H2 j—2 Y2 j—1
H e 71* 5] , H — *aJ 5] . 22
( e ) - ( Do T ) (22)
By using (21), (22), we obtain Hi , which is positive definite; (resp. Ha m—1 is positive
definite). Consequently, the sequence (s;)77 is a Stieltjes positive sequence.

Let

Lemma 1

Let A := < Ail ﬁu ) be a Hermitian (n + m) x (n + m) matrix. Then the following
12 A2

statements are equivalent:

a) A>0.
b) A1 > 0 and Az — AL A A > 0.
c) A» > 0 and Air — AA, Al > 0.
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Example 1. Let g =1for 0<j <2, d; = Jﬁ for 0 < j < 2. Find a positive sequence

(sj)]r';o-

The moments are s; = jl for 0 < j <5,
1
1 Plyo(z) = ]., P171(Z) =Z — 1,
—z+ 1 Piy(z) = 2* — 4z + 2,
L+ 1 P1,3(Z):Z3—922+182—6,
e T [Qo(2) =0, Qui(2) =1,
= _|_ e —
2 —z—&-(%)*l Qi 2(2) =z -3, Qu3(2) =72 87+ 11.
We used the following relations:
j—1 - j—1 -1
17 =il 1 -1
H]_,O =C H17J' = H dek Cj H dek s (23)
k=0 k=0
, —1* . —1
Iy -1 4-1 -1 n d -1 d
HQ’O =Q dO < H27J' = H dek d_, H dek . (24)
k=0 k=0

ACR, On Dyukarev's resolvent matrix for a truncated Stieltjes matrix moment problem under the view of orthogonal matrix

polynomials, Linear Algebra Appl. 474, 2015.
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To prove the equalities

j-1 =1 j—1 -1
Hio = C(;l, Hyj = (H dek> Cfl <H dek> ; (25)

k=0 k=0
j - j -1
ﬁgyo = C(;Id(;lct;l, ﬁz’j = (H dek> dfl (H dek> y (26)
k=0 k=0

one uses Dyukarev’s representation:

(2)) — Iq Oq Iq I—O Iq I—j—l lq Oq
U (z2) —( Mo 1, ) ( o, 1, ) Lo, v ) (27)
@ o Oq lg Lo le  Og lo L
U (z2) = ( Mo 1, ) < o, 1 )\ M 4 o I (28)
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Matrix moments s;(«) by using the Laplace transform

Let o be a monotone nondecreasing g X g matrix function
o : [0,4+00) — R satisfying o(x + 0) = o(x) for x € [0,4+00). For a > 0,
we define the matrix moments s;(«) by using the Laplace transform

s(a) = / xe~do(x), jeNUu{o}, (29)
0

Furthermore, in the sequel we assume that the Hankel block matrices

so(@)  si(a) ... s(a) (@)

s1 s2(a) si1(a)
sife)  s(a) .. sjpa(e) s2(c) s3(a) sj+1(e)

Hi j(a) = . , Hp j(a) = .
() sa(a) . s(a) s11(e)  sp@) . sya(a)

(30)
are both positive definite for j > 0 and « € [0, +00).
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Example of a matrix distribution on [0, +00)

Consider the 2 x 2 matrix distribution on [0, 4+00),

a(x):<4_2e_§x e ) (31)

e ™ 2—e X

which corresponds to a positive matrix measure on [0, +00). The matrices

1 1

Gyt (el ) 0 j> g (32)
Tray™  (Tray™

sji(a) =J!

are the corresponding moments (33). One can immediately verify that the
block matrices Hy j and Ha; for j = 0,1,2... are positive definite matrices.

@ C Berg, J. P. R. Christensen, P. Ressel, Positive definite functions on Abelian semigroups, Math. Ann. 223, 1976.
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Stieltjes transform of e™**o(dx)

Definition 3
A sequence of matrix moments (sj(«))?2, is called a Stieltjes positive

definite sequence if the Hankel block matrices Hi j(«) and Hs j(«x) defined
as in (30) are positive definite for j > 0 and « € [0, +00).

Given a sequence (sj(a))j>0 of g x g matrices, find the set M, of positive
measures e~ **o(dx) for x belonging to [0, +00) and « € [0, +00) such
that (29) holds for j > 0.

Let e=**o(dx) € M. The function

s(z,a) = / e_’:‘_o(j’x)y ze€ C\[0,+00) (33)
[0,+00)

is called the Stieltjes transform of e™**o(dx).

28/42



The asymptotic relation between the Stieltjes transform s(z, ) and the
moments sj(c) near the point z = 400 reads

so(@) _ si(a) si(@)
s(z,a) = — S T 2 T g T (34)
From (33) for [0, +00), we get the following obvious equality:
(c) = —sp41(). (35)

On other hand, by employing (34) and (35) we attain the following
relation:

5(z,a) = —so(@) — zs(z, ).

Further properties of the Stieltjes transform s(z, o) will be studied
elsewhere.

29/42



For a € [0, +00), let Iflld- (resp. /tIgJ) denote the Schur complement of
the block Hi j_1 in Hyj (resp. of the block Hp 1 in Ha):

Fro(e) == so(a), Hij(a) ==sy(e) = Y5 (@) Hiiy(a) Y (a), j>1,

(36)
Hao(a) = s1(a), Haj(a) =sp11(a) = Y3j(@)Hy} 1(2) Y2 (a), j=1.
(37)

These matrices are positive definite matrices, as well as the matrices Hy ;
(resp. Hoj). In the scalar case, the matrices H; ; and H; j have the form

iy = Ml Fy = F2il
Y | Hyjal Y | Hayal

(38)

where \I:lw-| denotes the determinant of I:Ird-. Equality (38) is readily
proved by calculating the determinant of the Schur complement H, ;.

30/42



Definition 4

Let ﬁl,j and HQJ be as in (36) and (37), respectively. For a € [0, +00), define
Avo(@) :==Hao(a)H g (),
Avj(@) :=Ha (@)L (@) + Fhj(@)Fsa(@), > 1,
Az j(a) :==Hyj1(a)H; (@) + Haj(@)HiHa), j> 0.

For r=1,2, >0 and a € [0,+c0), denote

B.j(a) == H}(@)Hrjs1(a).

(39)
(40)
(41)

(42)

The matrix coefficients Aj(a) and B;(«) appear in the discrete linear system

Pis1(x, ) =(xlg — Aj(@))Pi(x, @) = Bi1(@)" Pia(x,a), j 21,
Po(x,a) =lg, Pi(x,a) = xlg — Ao(a),

for a € [0, +00), where I, is the g X g unit matrix and the asterisk denotes the matrix

adjoint.

@ ACR, The matrix Toda equations for coefficients of a matrix three-term recurrence relation, Operators and Matrices,

13(4), 2019 .
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In the scalar case, the matrices A, ; and B, ; have the form A; g = i—é

S .
Arp = &

_|HaalHip | |Hig
1,1 = + 5
HaolH11|  HioH20

A gl | [Hl[H2 2|

1 — + )
|Haj—1l|Hijl  [Haj-1llHzj-1]

Ao, Il | | |FollH ]

|H1j||Ha, |H2 j—1]|H ]

for j > 1. Furthermore, By o = “-:“‘ Bro = “:21' and B, j = W
0 1 ’J
for j > 1.

32/42



The Toda matrix equation
Lemma 2

Let ﬁ,,j for r = 1,2 be as in (36) and (37) and « € (0, +00), then following equalities
are valid:

ﬁz}j == ﬁ17j+1 = ﬁzyjﬁl_,jl/f:lz,j. (44)
v
Theorem 3
Let A, and B, be as in Definition 1. For r = 1, 2, the following identities are valid:
Ar,O - — B;io, (45)
Anj =Bl 11— B, (46)
.B:,j :B;K’J-Ar,j = A,,j+1B,*J (47)

for j > 1 and a € (0, +00).

@ ACR, The matrix Toda equations for coefficients of a matrix three-term recurrence relation, Operators and Matrices,
13(4), 2019.
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Matrix polynomial f,(c, z) := Ag(@)z" + Ai(a)z"' + ... 4+ As() *)

degf, = n if Ao is nonzero and « € [0,00). We suppose that det Ag # 0. Let

o Aoum+A2um71+...+A2m, n:2m,

Iua{(@, 5} = { A+ Asu™ 4+ Agmar, n=2m+1, )
. Alu'"*l +A3um72+...+A2m,1, n=2m,

gn(a7 u) T { Aoum+A2um71+...+A2m, n=2m+ 1. (49)

2 2 . . : A._ ap-1
Clearly f,(z) = ha(z*) + zga(2%). For A, B € C?*? with B invertible, £ := AB™".

Definition 5. The g x g matrix polynomial f, in (*) is called a matrix Hurwitz type
polynomial if there exist two sequences of g x g positive definite matrices (ck)'k”:_o1 and
(di)?=y" ((ck)io and (dk)y—') such that,

gn(u) Iq ho(u) Iq
ho(u) [ ’ - I
n(u) ucy + 3 7 ugn(u) ucy + g I
do + 7 do + il
. 1, . I/
"+dm—z+7q_1 '-+ucm_1+7q_l
tuep_1 +d_" dp—1 4+ u=lc,
(50) (51)
for n = 2m, for all u € C with det h(u) # 0 and, for n=2m+1, for all u € C\ {0} with detg(u) # 0.
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Lemma 3

Let h, and g, be defined as in (48) and (49). Let |uo| > max{u : deth,(u) = 0} (resp.
|uo| > max{u : detg,(u) = 0}). For |u| > |uo|, the power series expansion of g,/h,
(resp. hn/gn) in negative powers of z,

g(u) s s n Sn _
hnéug_uzsz"'Jr(l) u"+1+"" n=2m, (20)
hn u S1 n Sn
=S5 — — +... -1)"'— +... =2 1. (21
) $o— +...+(-1) o +..., n m + (21)
Then
2\2,.,.,,1 S0 s ... (=)™ ls,_; ﬁZm—Z
e R on i I B 4 = Som-m A0
A 0Oqg 0qg E Ao

0
smAo 50 st .. Sm—1 (71)m;1A2m
n—
e I I I e O™ Hemz | — s
2m—1A0 Sm—1  Sm ...  S2m—2 Ay

Consequently for Ay = /5.
ho(u) = (—1)"Pf ,(—0) and gn(u) = (=1)""Q »(~1), n=2m,
gn(u) = (-1)"P5 (1), and h,(u) =(-1)"Q;,(-1), n=2m+1.
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Lemma 4

Let f, be a matrix Hurwitz type polynomial then there exists a positive sequence (sj)fio

((s/)224") such that

£.(2) = (-1)"Pfm(=2)) + (-1)" 2 Qf n(—2%), n=2m,
" ()" m(~2>) + (-1)"zP; n(—=2), n=2m+1

(52)

where P1 m, Qi are constructed by ((5)775") (P2,m, Q2,m are constructed by ((s)?)).

o I
4 dp_o + g

for n = 2m, for all u € C with deth(u) # 0 and,

—
+ucm_1 + dm71

By Proposition 2 we recover the posi-
tive sequence (s;)7y from the sequence
((6)}0: (d)]0):

By using the positive sequence (sj)fio we
construct Py m and Qi m.

By Lemma 3 we get that f,(z) is equal

to
(—=1)"Pf m(=2)+H(=1)"" 2 Qf o(—Z%).

The Lemma is proved.
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Lemma 5

Let Pi,m, Qi,m (P2,m, @2,m) be a member of OMP of [0, o) and its second kind
polynomial, respectively, constructed by the positive sequences (sj)figl ((5))7%)-

Then the polynomial

f D)"PE (=27 + (-1 2 Qf W (—2%), n=2m,
fn(Z) . { (_1)mQ§k,m(_22) aF (_l)mt P;,m(_z2)7 n=2m + 1 (53)
is a Hurwitz type polynomial.
T a(Z l
For (%)fial . Ql,n(f) — _ q 7
Pr ,(2) Iy
’ —zMp + 7
Lo + i .
+ L, s+ e
M+ LY
@.,(2) lq
F N & : =—
ML N ) l
—zMy + 7
Lo+ g i
. - ZMnf + i
Y-z Mt




From Lemma 4 and Lemma 5, we obtain the following result.

Theorem 3

Let Pi,m, Qi,m (P2,m, @2,m) be a member of OMP of [0, c0) and its second kind
polynomial, respectively, constructed by the positive sequences (sj(c))?” ((sj(a))figl).
Thus, for a € [0, +00) f, is a Hurwitz type matrix polynomial if and only if f, admits
the following presentation:

_ D)"(Prm(,—=2%) — 2 Qum(a, =2%)), n=2m,
fn(a,z) = { (*l)m(QZ,m(C% 722) +z P2’m(06, 722))’ i) = P A L (54)

V.

Consider the differential equation x = Ax, x € R" (**). This system is asymptotically
stable in the Lyapunov sense if and only if all zeros of the characteristic polynomial
fa(A) := det(Al — A) have a negative real part.

Theorem 4 |

The system (**) is asymptotically stable if and only if the characteristic polynomial fa

_ Pl,m(—22) — qu,m(—zz), n=2m,
fa(z) = { qz,m(—Zz) “F szym(—z2), n=2m-+1, (55)

where p1,m (resp. p2,m) is a scalar monic orthogonal polynomial on [0, co) with respect
to a positive measure o (resp. to) on [0,00), and g1,m and go,m are their corresponding
second kind polynomials.
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Hurwitz matrix polynomials

@ A matrix polynomial F(z) is Hurwitz stable if the set of all zeros of det F(z)
belongs to left half of the complex plane.

@ A matrix Hurwitz type polynomial is a Hurwitz polynomial. [X. Zhan, A.
Dyachenko, J. Comput. Appl. Math. 383, 2021].

@ The set of matrix Hurwitz type polynomials do not constitute the entire class of
Hurwitz stable matrix polynomials. [ACR: Comments on the paper “On the
relation between Hurwitz stability of matrix polynomials and matrix-valued
Stieltjes functions,” J. Comput. Appl. Math. 417 (2023) by X. Zhan and Y. Hu,
submitted to J. Comput. Appl. Math. in 2023]

Example 2: Consider the matrix polynomial

) 48 28i 74 64i

— 5 5 5 5

f2(z) = Iz +< 0 4 )z+< 0 - > (56)
3 2

detfy(z) = 2* + 6iz AL 2722 + 39522 + ?. (57)

The approximate value of the roots of the polynomial det f(z) are

z1 = —7.6705, o = —3.4142, z3 = —1.9294, z; = —0.5857. (58)

Thus, f2(z) is a Hurwitz polynomial, but f2(z) is not a matrix Hurwitz type polynomial,
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efx/2 —je X

Example 3. Assume that o/(x) = . o . The Markov parameters or

ie
—(+1)

(@+3) " —ilat 1)U o

i(a+1)"0  (a+1)"0+D

corresponding polynomials P;,1 and Qi,1 have the form

moments are defined by s;(a) = j! (

z = ‘2‘06744 _ 2 2 i
Py 1(a,z) = ( 2a243a+1 2o<+11 ) . Qui(enz)= ( a1 g1 ) i
0 Ll | o+l atl
and
* 2 * 22
fo(a,2) = — (P1,1(0’a =Z) = Q1,1(a7 -z7)

2 i 4a+3 0
=12 + ( 20+1 g1 ) 74 ( 2(124?’/5a+1 " ) i
a1 &+ proes o
Observe that the determinant det f2(«, z) has the form

(4&2 +7a + 3) 23 (6a2 + 10 + 5) 22 (4a + 3)z do+3

detfr(ex, z) = 2+

The polynomial det f2(«, z) is a Hurwitz polynomial for each « € [0, +00).

(o +1)2(2cx + 1) (o +1)2(2cx + 1) (e +1)2Qa+1)  (a+1)2Qa+1)

(59)

(60)

(61)

@ L. Lerer, M. Tismenetsky, The Bezoutian and the eigenvalue-separation problem for matrix polynomials, Integral

Equations Oper. Theory 5, 1982.
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