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A very brief history of the spectral shift function

This introduction is based on the monographs
@ Yafaev’'92 and ’10: Mathematical Scattering Theory
and the survey papers

@ BirmanYafaev’'92: The spectral shift function. The papers of
M. G. Krein and their further development

@ BirmanPushnitski’98: Spectral shift function, amazing and
multifaceted

General assumption
‘H Hilbert space, A, B selfadjoint (unbounded) operators in H

B — A finite rank operator. Then exists ¢ : R — R such that
formally

tr (o(B) — p(A)) = /R S (DE(H) ot

= = = = =
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Krein’s spectral shift function (1953 and 1962)

Assume B — A trace class operator, i.e. B— A€ &4. Then

exists real-valued ¢ € L'(R) such that

_ 1y (1)
tr((B- A"~ (A-\) 1)_—/R(t)\)2dt
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Krein’s spectral shift function (1953 and 1962)

Assume B — A trace class operator, i.e. B— A€ &4. Then

exists real-valued ¢ € L'(R) such that

_ 1y (1)
tr((B- A"~ (A-\) 1)_—/R(t)\)2dt

and [ £(t) dt =tr (B — A).
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Krein’s spectral shift function (1953 and 1962)

Assume B — A trace class operator, i.e. B— A€ &4. Then
exists real-valued ¢ € L'(R) such that

(0
o

_ =il _ _ =1\ _
tr((B—A\)"— (A- )" /R

and [ £(t) dt =tr (B — A).

o tr(p(B) — p(A)) = [ ¢ (H)E(t) dt for o(t) = (t — )~
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Krein’s spectral shift function (1953 and 1962)

Assume B — A trace class operator, i.e. B— A€ &4. Then
exists real-valued ¢ € L'(R) such that

_ 1y (1)
tr((B- A"~ (A-\) 1)_—/R(t)\)2dt

and [ £(t) dt =tr (B — A).

o tr(p(B) — p(A)) = [ ¢ (H)E(t) dt for o(t) = (t — )~
@ Extends to Wiener class W;(R): ¢/(t) = [ e~ do(p)
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Krein’s spectral shift function (1953 and 1962)

Assume B — A trace class operator, i.e. B— A€ &4. Then
exists real-valued ¢ € L'(R) such that

tr((B—)\)“—(A—A)‘1):—/ €O _
R

and [ £(t) dt =tr (B — A).

o tr(p(B) — p(A)) = [ ¢ (H)E(t) dt for o(t) = (t — )~
@ Extends to Wiener class W;(R): ¢/(t) = [ e~ do(p)

If § = (&, b) and § N oegs(A) = 0 then

¢(b—) — &(a+) = dimran Eg(d) — dimran Ea(9)

@ Spectral shift function for U, V unitary, V — U € &4
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Krein’s spectral shift function (1953 and 1962)

Assume

B-N"T"-(A-N""e6&,  AepAnpB). (1)
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Krein’s spectral shift function (1953 and 1962)

Assume
(B=N"—-(A-N)""e&;, AepAnpB). (1)
Then exists ¢ € L] (R) such that [; |£(1)|(1 + t2)~ " dt < o0

loc
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Assume

(B-XNT"—(A-N)""€&,  Xep(AnpB). (1)
Then exists ¢ € L] (R) such that [; |£(t)|(1 + t2)~" dt < oo and

loc
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Birman-Krein formula
Assume (1). The scattering matrix {S(\)} of {A, B}
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Krein’s spectral shift function (1953 and 1962)

Assume

(B-XNT"—(A-N)""€&,  Xep(AnpB). (1)
Then exists ¢ € L] (R) such that [; |£(t)|(1 + t2)~" dt < oo and

loc

tr((B-N)"—(A-N)) = —/R (f_(ti)z .

The function £ is unique up to a real constant.

@ Trace formula for () = (t — X\)~' and ¢(t) = (t — A\) ¥
@ Large class of ¢ in trace formula in Peller'85

Birman-Krein formula
Assume (1). The scattering matrix {S(\)} of {A, B} satisfies

det S(\) = e 2N forae. AeR

™ = —_ = =
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Krein’s spectral shift function: Generalizations

L.S. Koplienko 1971

Assume p(A) N p(B) "R # () and for some m € N:

(B=X)""—(A-))""¢c &;. )
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Krein’s spectral shift function: Generalizations

L.S. Koplienko 1971

Assume p(A) N p(B) "R # () and for some m € N:

(B-A)"™—(A-\)""e&,. )
Then exists ¢ € L] (R) such that [, [£(t)|(1 + [¢])~(™D dt < oo

m

tr((B— X" (A—\)") = /R Wg(t) dt
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Krein’s spectral shift function: Generalizations

L.S. Koplienko 1971

Assume p(A) N p(B) "R # () and for some m € N:
(B=XN)""—(A-)\)""€&;. (2)

Then exists ¢ € L] (R) such that [, [£(t)|(1 + [¢])~(™D dt < oo

tr((B— X" (A—\)") = /R (t—_&“w) dt

4

D.R. Yafaev 2005

Assume (2) for some m € N odd.

V.
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Krein’s spectral shift function: Generalizations

L.S. Koplienko 1971

Assume p(A) N p(B) "R # () and for some m € N:
(B=XN)""—(A-)\)""€&;. (2)

Then exists ¢ € L] (R) such that [, [£(t)|(1 + [¢])~(™D dt < oo

tr((B— X" (A—\)") = /R U__A’;nﬂg(t) dt

D.R. Yafaev 2005

Assume (2) for some m € N odd. Then exists ¢ € L} (R) such
that [ [€(0)](1 + [¢]) (™D dt < oo

tr((B= )™= (A—\)"™) = /R (t—_AI;?mﬂé(t) dt

V.
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]

{G,T9,T1} quasi boundary triple for S*
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]

{G,To, 1} quasi boundary triple for S if G Hilbert space and
TcT=S"andly,1:domT — G such that
(i) (Tf,g) —(f, Tg) = (T1f,Tog) — (Tof.T1g), f,g € dom T
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Example (—A + V on domain Q, 99 of class C?, V € L* real)
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]

{G,To, 1} quasi boundary triple for S if G Hilbert space and
TcT=S"andly,1:domT — G such that

(i) (Tf.g) = (f, Tg) = (T4f,Tog) — (Tof,T19), f,g € dom T
M= (%) :domT — g x G dense range
Ao = T | ker g selfadjoint

Example (—A + V on domain Q, 99 of class C?, V € L* real)

Sf = —Af+ V| {f € HXQ) : floq = ,f|sq = O}
S*f=—Af+ Vi {fel?Q): Af € [3(Q)} & HS(Q), s>0
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]

{G,To, 1} quasi boundary triple for S if G Hilbert space and
TcT=S"andly,1:domT — G such that

(i) (Tf.g) = (f, Tg) = (T4f,Tog) — (Tof,T19), f,g € dom T
M= (%) :domT — g x G dense range
Ao = T | ker g selfadjoint

Example (—A + V on domain Q, 99 of class C?, V € L* real)
Sf = —Af + V| {f € H?(Q) : flaq = O,f|sq = 0}
Sf=—Af+ V[ {fcl?2(Q): Af € [2(Q)} ¢ H(Q), s>0
Tf = —Af + Vf | H3(Q)
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]

{G,To, 1} quasi boundary triple for S if G Hilbert space and
TcT=S"andly,1:domT — G such that

() (Tf,9) — (f, Tg9) = (T1f,Tog) — (Tof,T1g), f,g € dom T
) T:=({°) :dom T — G x G dense range
(i) Ap =T | kerlo selfadjoint

Example (—A + V on domain Q, 99 of class C?, V € L* real)

Sf = —Af+ VF | {f e H3(Q) : flag = 8,f|sq = 0}
S*f=—Af+ V] {fel?(Q): Af € [2(Q)} ¢ H5(Q), s>0
Tf = —Af+ VI | H3(Q)

Here (Tf,g) — (f, T9) = (flaq, 0.9]aa) — (0.f|a, gloq)-

4
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Quasi boundary triples

S c S* closed symmetric operator in A with infinite defect

Def. [Bruk76, Kochubei75; DerkachMalamud95; B. Langer07]

{G,To, 1} quasi boundary triple for S if G Hilbert space and
TcT=S"andly,1:domT — G such that

(i) (Tf.g) = (f, Tg) = (T4f,Tog) — (Tof,T19), f,g € dom T
M= (%) :domT — g x G dense range
Ao = T | ker g selfadjoint

Example (—A + V on domain Q, 99 of class C?, V € L* real)

Sf = —Af+ Vf | {f € H3(Q) : floq = 9, f|oq = 0}

S*f= —Af+ VFI{fel2(Q): Af € [2(Q)} ¢ H¥(Q), s> 0
Tf = —Af + Vf | H*(Q)

Here (Tf,g) — (f, Tg) = (flaa, 0.9laa) — (0.f|aq, 9loq)-
Choose G = L2(09Q), Tof := 0, f|aq, T1f := f|aq. |
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~-field and Weyl function

ScTcT=S8"{G,Tly 1} quasi boundary triple (QBT).
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~-field and Weyl function

ScTcT=S8"{G,Tly 1} quasi boundary triple (QBT).

Definition
Let fy € ker (T — A\), A € C\R. ~-field and Weyl function:

'}/()\) G = H, Mofy — fy, AE C\R
M()\) G — G, Mofy — 11y, /\E(C\]R
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~-field and Weyl function

ScTcT=S8"{G,Tly 1} quasi boundary triple (QBT).

Definition
Let fy € ker (T — A\), A € C\R. ~-field and Weyl function:

'}/()\) G = H, Mofy — fy, AE C\R
M()\) G — G, Mofy — 11y, /\E(C\]R

~(A) solves boundary value problem in PDE
@ M(A) Dirichlet-to-Neumann (Neumann-to-Dir. map) in PDE
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~-field and Weyl function

ScTcT=S8"{G,Tly 1} quasi boundary triple (QBT).

Definition
Let fy € ker (T — A\), A € C\R. ~-field and Weyl function:

')’()\) G = H, Mofy — fy, AE C\R
M()\) G — G, Mofy — 11y, )\E(C\]R

@ ~(\) solves boundary value problem in PDE
@ M(A) Dirichlet-to-Neumann (Neumann-to-Dir. map) in PDE

Example: —A + V, QBT {L?(09), d,f|aq, floa}

v

™ = = =
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~-field and Weyl function

ScTcT=S8"{G,Tly 1} quasi boundary triple (QBT).

Definition
Let fy € ker (T — A\), A € C\R. ~-field and Weyl function:

')’()\) G = H, Mofy — fy, AE C\R
M()\) G — G, Mofy — 11y, )\E(C\]R

@ ~(\) solves boundary value problem in PDE
@ M(A) Dirichlet-to-Neumann (Neumann-to-Dir. map) in PDE

Example: —A+V, QBT {LZ(OQ), 8,,)“39, f|aQ}
Here ker (T — \) = {f € H?(Q) : —Af + Vf = \f}

v

™ = = =
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~-field and Weyl function

ScTcT=S8"{G,Tly 1} quasi boundary triple (QBT).

Definition
Let fy € ker (T — A\), A € C\R. ~-field and Weyl function:

')’()\) G = H, Mofy — fy, AE C\R
M()\) G — G, Mofy — 11y, )\E(C\]R

@ ~(\) solves boundary value problem in PDE
@ M(A) Dirichlet-to-Neumann (Neumann-to-Dir. map) in PDE

Example: —A + V, QBT {LZ(OQ), 8,,)“39, f|aQ}
Here ker (T — \) = {f € H?(Q) : —Af + Vf = \f} and

(N LB(8Q) D H'/2(8Q) — L3(Q), ¢~ £,
where (—A 4 V)fy = My and 0, |oq = ¢

v

™ = = =
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~-field and Weyl function

ScTcT=S8"{G,Tly 1} quasi boundary triple (QBT).

Definition
Let fy € ker (T — A\), A € C\R. ~-field and Weyl function:

')’()\) G = H, Mofy — fy, AE C\R
M()\) G — G, Mofy — 11y, )\E(C\]R

@ ~(\) solves boundary value problem in PDE
@ M(A) Dirichlet-to-Neumann (Neumann-to-Dir. map) in PDE

Example: —A + V, QBT {LZ(OQ), 8,,)“39, f|aQ}
Here ker (T — \) = {f € H?(Q) : —Af + Vf = \f} and

() : L2(09) D H'2(0Q) — [2(Q), ¢ h,
where (—A + V)f, = Af\ and 0, f\|aq = ¢, and

M() : L2(09) > H'/2(09Q) = L2(09), ¢ = d,hlaa — Hloa. |

™
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Quasi boundary triples and selfadjoint extensions

Perturbation problems for selfadjoint operators in QBT scheme:
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Perturbation problems for selfadjoint operators in QBT scheme:

Lemma

Assume A, B selfadjoint and S = An B,
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Perturbation problems for selfadjoint operators in QBT scheme:

Lemma

Assume A, B selfadjoint and S = An B,

Sf .= Af = Bf, dom S = {f € domAndomB: Af = Bf}
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Quasi boundary triples and selfadjoint extensions

Perturbation problems for selfadjoint operators in QBT scheme:

Lemma

Assume A, B selfadjoint and S = An B,

Sf .= Af = Bf, dom S = {f € domAndomB: Af = Bf}

densely defined.
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Quasi boundary triples and selfadjoint extensions

Perturbation problems for selfadjoint operators in QBT scheme:

Lemma

Assume A, B selfadjoint and S = An B,
Sf:= Af = Bf, domS = {f € dom Andom B : Af = Bf}

densely defined. Then exists T ¢ T = S* and QBT {G, o, 1}
such that

A=T [kerlo and B=T | kerly
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Quasi boundary triples and selfadjoint extensions

Perturbation problems for selfadjoint operators in QBT scheme:

Lemma

Assume A, B selfadjoint and S = An B,
Sf:= Af = Bf, domS = {f € dom Andom B : Af = Bf}

densely defined. Then exists T ¢ T = S* and QBT {G, o, 1}
such that

A=T [kerlo and B=T | kerly

and

(B=A)" = (A=) =1 (MMR)H(N),
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Quasi boundary triples and selfadjoint extensions

Perturbation problems for selfadjoint operators in QBT scheme:

Lemma

Assume A, B selfadjoint and S = An B,

Sf .= Af = Bf, domS = {f e domAndom B : Af = Bf}

densely defined. Then exists T ¢ T = S* and QBT {G, o, 1}
such that

A=T [kerlo and B=T | kerly

and .
(B=XN)"" = (A= X" = —y()MN) (),

where v and M are the ~-field and Weyl function of {G, o, I1}. )
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};

- - ——
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR

- - ——
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR

and y(Ag) € 62

- - ——
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR
and v(\g) € Sz, M(A\)~", M(\2) bounded for \g, A1, Ao

- - ——
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR

and v(\g) € Sz, M(\1)~", M(\2) bounded for Ag, A1, A2 Then:
@ (B—X)""—(A=X)"" = —y(M)MN)Ty(A)

- - ——
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR

and v(\g) € Sz, M(\1)~", M(\2) bounded for Ag, A1, A2 Then:
@ (B—X)""—(A=X)"" = —v(A)MN)y(A)* € &4

- - ——
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Main abstract result: First order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume
(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR
and v(\g) € Sz, M(\1)~", M(\2) bounded for Ag, A1, A2 Then:
@ (B=XN)T—(A=XN)"T=—(W)MN)TH(N)* € &

@ Imlog(M(\)) € 64(G) forall A e C\ R

- - ——
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Main abstract result: First order case
Theorem

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume
(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR
and v(\g) € Sz, M(\1)~", M(\2) bounded for Ag, A1, A2 Then:
@ (B=XN)T—(A=XN)"T=—(W)MN)TH(N)* € &

@ Imlog(M()\)) € &1(G) forall A e C\R and

&) = lim “tr (Imlog(M({ + 7)) for ae. t € R

e—+0 T

is a spectral shift function for {A, B}

- - ——
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Main abstract result: First order case
Theorem

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR

and v(\g) € Sz, M(\1)~", M(\2) bounded for Ag, A1, A2 Then:
@ (B—X)""—(A=X)"" = —v(A)MN)y(A)* € &4

@ Imlog(M()\)) € &1(G) forall A e C\R and

&) = lim “tr (Imlog(M({ + 7)) for ae. t € R

e—+0 T

is a spectral shift function for {A, B}, in particular,

tr(B—A)"—(A-N"" :_/RU1)\)2§(t)dt. |
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Main abstract result: Higher order case

A, B selfadjoint, S = An B densely defined and {G,o,1} QBT

A=T [ kerl[o and B=T [kerl;
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Main abstract result: Higher order case

A, B selfadjoint, S = An B densely defined and {G,o,1} QBT
A=T [ kerl[o and B=T [kerl;

Assume
(A—p) "> (B—pu)~" forsome uc p(A)Np(B)NR
M(X1)~", M()2) bounded for Ay, \»
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Main abstract result: Higher order case

A, B selfadjoint, S = An B densely defined and {G,o,1} QBT
A=T [ kerl[o and B=T [kerl;

Assume
(A—p) "> (B—pu)~" forsome uc p(A)Np(B)NR
M(X1)~", M()2) bounded for A1, > and for some k € N:

dP dq
TN s (M) 9(0)) € &1, p+q =2k,
ad

1 ey P ——
W(M()\) ’Y()\) )W’Y()\)Gﬁh p+q =2k,

i ()\)662k+1, j=1,...,2k + 1.
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Main abstract result: Higher order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR
M(X\1)~1, M(\2) bounded for Ay, A, and &p-conditions.

—
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Main abstract result: Higher order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR

M(X1)~", M()2) bounded for Ay, > and Sp-conditions. Then:
° (B _ )\)—(2k+1) _ (A _ A)_(ZK—H) € Gy

—
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Main abstract result: Higher order case

A, B selfadjoint, S = AN B densely defined and {G,lo, 1} QBT

A=T kerl[o and B=T |kerl};
Assume

(A—p) ' >(B—-p)~" forsome u e p(A)Np(B)NR

M(X1)~", M()2) bounded for Ay, > and Sp-conditions. Then:
° (B _ )\)—(2k+1) _ (A _ A)_(ZK—H) € Gy
@ Forany ONB (¢;)inGanda.e. t € R

£(t) = Z I|m — Imlog M(t + ic))e;, ¢))
is a spectral shlft function for {A, B}, in particular,

_ 2k +1
tr((B—)\) (2k+1)_(A A)” 2k+1) /(t )\)2k+25 t) dt

Jussi Behrndt Spectral shift functions and DN-maps




@ If A, B semibounded then
(A-w)'2(B-p)"' < A<B
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@ If A, B semibounded then
(A-p)'>(B-p)' < A<B
in accordance with £(t) = Ltr (Imlog(M(t + i0))) > 0

™
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@ If A, B semibounded then
(A-w)'2(B-p)"' < A<B

in accordance with £(t) = Ltr (Imlog(M(t + i0))) > 0
o Key difficulty: For A € C* prove that imaginary part of

log(M()\)) = —i/OOO(M()\)+ ity ' —(+it) " at

has (weak) trace class property [BirmanEntina’67]
[Naboko’87] and, e.g. [GesztesyMakarovNaboko’99]
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@ If A, B semibounded then
(A-w)'2(B-p)"' < A<B

in accordance with £(t) = Ltr (Imlog(M(t + i0))) > 0
@ Key difficulty: For A € C* prove that imaginary part of

log(M()\)) = —i/ooo(l\/l()\)+ ity ' —(+it) " at

has (weak) trace class property [BirmanEntina’67]
[Naboko’87] and, e.g. [GesztesyMakarovNaboko’99]
Extend Riesz-Herglotz integral representation

|og(M(A)):0+/R(t1A—Htt2) =(f)ot, reC,

onto real line around 1
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@ If A, B semibounded then
(A-w)'2(B-p)"' < A<B

in accordance with £(t) = Ltr (Imlog(M(t + i0))) > 0
@ Key difficulty: For A € C* prove that imaginary part of

bdMQ»;LJAwMﬂM+HY1—U+HrHﬁ

has (weak) trace class property [BirmanEntina’67]
[Naboko’87] and, e.g. [GesztesyMakarovNaboko’99]
Extend Riesz-Herglotz integral representation

os(0) =€+ [ (15~ 14

t—A 1+
onto real line around 1
@ In [B.LangerLotoreichik’13] for selfadjoint elliptic PDOs

(B— )~k (A \)~CkHT) ¢ &,
~ ussiBehrndt | Spectralshiftfunctionsand DN-maps

)3om,AeCﬂ



Representation of SSF via M-function:
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Representation of SSF via M-function:
@ Rank 1, k = 0 [LangerSnooYavrian’01]
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Representation of SSF via M-function:
@ Rank 1, k = 0 [LangerSnooYavrian’01]
@ Rank n < oo, k = 0 [B. MalamudNeidhardt'08]
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Representation of SSF via M-function:
@ Rank 1, k = 0 [LangerSnooYavrian’01]
@ Rank n < oo, k = 0 [B. MalamudNeidhardt'08]

@ Other representation via modified perturbation determinant
for M for k = 0 [MalamudNeidhardt’15]
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Representation of SSF via M-function:
@ Rank 1, k = 0 [LangerSnooYavrian’01]
@ Rank n < oo, k = 0 [B. MalamudNeidhardt'08]

@ Other representation via modified perturbation determinant
for M for k = 0 [MalamudNeidhardt’15]

Representation of scattering matrix {S(\)} cr of {A, B} for the
trace class case:

S(\) = I — 2i\/Im M(x + i0) (M()\ n i0)>71 \/ImM(» + 0)
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Representation of SSF via M-function:
@ Rank 1, k = 0 [LangerSnooYavrian’01]
@ Rank n < oo, k = 0 [B. MalamudNeidhardt'08]

@ Other representation via modified perturbation determinant
for M for k = 0 [MalamudNeidhardt’15]

Representation of scattering matrix {S(\)} cr of {A, B} for the
trace class case:

S(\) = I — 2i\/Im M(x + i0) (M()\ n i0)>71 \/ImM(» + 0)

@ Rank n < co [AdamyanPavlov’86], [AlbeverioKurasov’00]
[B. MalamudNeidhardt’08]
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Representation of SSF via M-function:
@ Rank 1, k = 0 [LangerSnooYavrian’01]
@ Rank n < oo, k = 0 [B. MalamudNeidhardt'08]

@ Other representation via modified perturbation determinant
for M for k = 0 [MalamudNeidhardt’15]

Representation of scattering matrix {S(\)} cr of {A, B} for the
trace class case:

S(\) = I — 2i\/Im M(x + i0) (M()\ n i0)>71 \/ImM(» + 0)

@ Rank n < co [AdamyanPavlov’86], [AlbeverioKurasov’00]
[B. MalamudNeidhardt’08]

@ k = 0 [B. MalamudNeidhardt’17] [MantilePosilicanoSini’16]
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PART Il
Applications
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Example 1: Robin boundary conditions

Agf = —Af+ Vf, domAg, = {f € H*(Q) : Bofloa = O floa}
As,f=—Af+ Vf, domAg = {f € H*Q): Bifloq = O, floa }
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Example 1: Robin boundary conditions

Agf = —Af+ Vf, domAg, = {f € H*(Q) : Bofloa = O floa}
As,f=—Af+ Vf, domAg = {f € H*Q): Bifloq = O, floa }

@ Q domain in R", 9Q smooth and compact
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Example 1: Robin boundary conditions

Agf = —Af+ Vf, domAg, = {f € H*(Q) : Bofloa = O floa}
As,f=—Af+ Vf, domAg = {f € H*Q): Bifloq = O, floa }

@ Q domain in R", 9Q smooth and compact
@ Ve L>*(Q)real and g, 1 € C?(9Q) real, Bo(X) # B1(X)
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Example 1: Robin boundary conditions

Agf = —Af+ Vf, domAg, = {f € H*(Q) : Bofloa = O floa}
As,f=—Af+ Vf, domAg = {f € H*Q): Bifloq = O, floa }

@ Q domain in R", 9Q smooth and compact
@ V¢ L>(Q)real and By, B1 € C?(0Q) real, Bo(X) # B1(x)
@ Neumann-to-Dirichlet map N'(A\)9, f|asq = fiaq in L2(0Q)
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Example 1: Robin boundary conditions

Agf = —Af+ Vf, domAg, = {f € H*(Q) : Bofloa = O floa}
Ag f=—Af+ Vf, domAg ={fe H?(Q) : B1flaq = dvfloa }
@ Q domain in R", 9Q smooth and compact

@ V e L>®(Q)real and B, 31 € C?(0RQ) real, Bo(X) # B1(x)
@ Neumann-to-Dirichlet map N'(A\)9, f|asq = fiaq in L2(0Q)

Theorem: For k > ” 3 one has

° (A/51 - )‘)7(2k+1) - (Aﬁo - A)7(2k+1) € &4 (LZ(Q))

v

™ = = =
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Example 1: Robin boundary conditions

Agf = —Af+ Vf, domAg, = {f € H*(Q) : Bofloa = O floa}
Ag f=—Af+ Vf, domAg ={fe H?(Q) : B1flaq = dvfloa }
@ Q domain in R", 9Q smooth and compact

@ V e L>®(Q)real and B, 31 € C?(0RQ) real, Bo(X) # B1(x)
@ Neumann-to-Dirichlet map N'(A\)9, f|asq = fiaq in L2(0Q)

Theorem: For k > ” 3 one has

o (Ag — )‘)7(2k+1) — (Agy — A)7(2k+1) € 64 (LZ(Q))
@ Spectral shift function for {Ag,, As, }:

= 3 i, 2 (im(logMo(t-+2))—log(Mi(£+i2)) 1)

v

™ = = =
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Example 1: Robin boundary conditions

Agf = —Af+ Vf, domAg, = {f € H*(Q) : Bofloa = O floa}
Ag f=—Af+ Vf, domAg ={fe H?(Q) : B1flaq = dvfloa }
@ Q domain in R", 9Q smooth and compact

@ V e L>®(Q)real and B, 31 € C?(0RQ) real, Bo(X) # B1(x)
@ Neumann-to-Dirichlet map N'(A\)9, f|asq = fiaq in L2(0Q)

Theorem: For k > ” 3 one has

o (Ag — )‘)7(2k+1) — (Agy — A)7(2k+1) € 64 (LZ(Q))
@ Spectral shift function for {Ag,, As, }:

= 3 i, 2 (im(logMo(t-+2))—log(Mi(£+i2)) 1)

where M;(A) = 225 (BN (N) = lizaq)) (BN () — lizoq)) !,
and § € R such that Bi(x) < Bforall x € 89 and i = O 1.

v
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Example 1: Robin boundary conditions

Agf=—Af+ Vf, domAg, = {f € H*(Q) : Bof|oq = Oufloa }
As,f=—Af+ Vf, domAg = {f € H*(Q): Bifloq = O, f|oa }
@ Q domain in R”, 9Q smooth and compact

@ V e L>®(Q)real and B, 31 € C?(0RQ) real, Bo(X) # B1(x)
@ Neumann-to-Dirichlet map N’ (A9, f|asa = fiaq in L2(0Q)

Theorem: For n = 2,3 one has
@ (Ag, — N1 = (Ag, — N € 61(L3(Q))
@ Spectral shift function for {Ag,, As, }:

&(t) = lim tr (Im(tog(Mo(t + ie)) — log(Mi(t + ) )

e—>+0 T

— — —1
where M;(A) = 525 (BN (N) — liza0)) (BN (V) — l2(09)) 5
and g € R such that g;j(x) < g forall x € 9Q and i = 0, 1.

Jussi Behrndt Spectral shift functions and DN-maps




Example 2: Compactly supported potentials in R”
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Example 2: Compactly supported potentials in R”

@ A= -Aand B= —A + V with dom A = dom B = H?(R")
@ V € L*(R") real-valued with compact support in 5

Jussi Behrndt Spectral shift functions and DN-maps



Example 2: Compactly supported potentials in R”

@ A= -Aand B= —A + V with dom A = dom B = H?(R")
@ V € L*(R") real-valued with compact support in 5
Multidimensional Glazman splitting
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Example 2: Compactly supported potentials in R”

@ A= -Aand B= —A + V with dom A = dom B = H?(R")
@ V € L*(R") real-valued with compact support in 5
Multidimensional Glazman splitting: Instead of { A, B} consider

(@ o) A(T o) (5 o AT o) 8
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Example 2: Compactly supported potentials in R”

@ A= -Aand B= —A + V with dom A = dom B = H?(R")
@ V € L*(R") real-valued with compact support in 5
Multidimensional Glazman splitting: Instead of { A, B} consider

(5 @ o) (3 ) {(5 o) e
where L[3(R") = [3(B;)® L2(BS) and
o A, = —Awithdom A, = H2(B,) N H}(B,) in L2(B,)

® B, = —A+ Vwithdom B, = H3(B,) N Hl(B, ) in L2(B,)
@ C=—Awith dom C = H2(BS) N H](B¢) in L2(BC)
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Example 2: Compactly supported potentials in R”

@ A= -Aand B= —A + V with dom A = dom B = H?(R")
@ V € L*(R") real-valued with compact support in 5
Multidimensional Glazman splitting: Instead of { A, B} consider

(5 @ o) (3 ) {(5 o) e
where L[3(R") = [3(B;)® L2(BS) and
o A, = —Awithdom A, = H2(B,) N H}(B,) in L2(B,)

® B, = —A+ Vwithdom B, = H3(B,) N Hl(B, ) in L2(B,)
@ C=—Awith dom C = H2(BS) N H](B¢) in L2(BC)

Recall: SSF for {A;, B, } is & (t) = Na, (1) — N, (f) fort e R |
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Example 2: Compactly supported potentials in R”

@ A= -Aand B= —A + V with dom A = dom B = H?(R")
@ V € L*(R") real-valued with compact support in 5
Multidimensional Glazman splitting: Instead of { A, B} consider

(5 @ o) (3 ) {(5 o) e
where L[3(R") = [3(B;)® L2(BS) and
o A, = —Awithdom A, = H2(B,) N H}(B,) in L2(B,)

® B, = —A+ Vwithdom B, = H3(B,) N Hl(B, ) in L2(B,)
@ C=—Awith dom C = H2(BS) N H](B¢) in L2(BC)

Recall: SSF for {A;, B, } is & (t) = Na, (1) — N, (f) fort e R |

Note: Extends to more general problems [SjdstrandZworski’99]
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Example 2: Compactly supported potentials in R”

° (B- )\)—(2k+1) —(A- )\)—(2k+1) € Sy (LZ(Rn))

A
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Example 2: Compactly supported potentials in R"

@ (B—)\) (2k+1) —(A- )\)—(2k+1) € Sy (LZ(Rn))
@ Spectral shift function for {A=—-A,B=-A+ V}:

Zal_kr?_ %(Im(log N(t+i0) — log Ny (t + /0))9017 ‘P/) +&+(8)

A
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Example 2: Compactly supported potentials in R"

@ (B—)\) (2k+1) —(A- )\)—(2/{—&-1) € Sy (LZ(Rn))
@ Spectral shift function for {A=—-A,B=-A+ V}:

Zal_kr?_ %(Im(log N(t+i0) — log Ny (t + /0))9017 ‘Pj) +&+(8)

where £. () = Na. (t) — N, (1)

.
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Example 2: Compactly supported potentials in R"

@ (B—)\) (2k+1) —(A- )\)—(2/{—&-1) € Sy (LZ(Rn))
@ Spectral shift function for {A=—-A,B=-A+ V}:

E:EI_@r %(Im(log N(t+ i0) — log Ny (t + i0))¢;, <P/) +&+(8)

where & (t) = Ny, (t) — N, () and

NA) = +(Dr(A) + D_(N) ' 7: L2(0B) — L2(0B,)
Ny(A) = o(DY(\) +D_(N) ' 7: L2(0By) — L2(0B)

and D4 (\) and DY () Dirichlet-to-Neumann maps for
—A—Xand —A+ V — Xon B, and BS.
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Example 2: Compactly supported potentials in R"

@ (B—)\) (2k+1) —(A- )\)—(2/{—&-1) € Sy (LZ(Rn))
@ Spectral shift function for {A=—-A,B=-A+ V}:

E:EI_@r %(Im(log N(t+ i0) — log Ny (t + i0))¢;, <P/) +&+(8)

where & (t) = Ny, (t) — N, () and

NA) = +(Dr(A) + D_(N) ' 7: L2(0B) — L2(0B,)
Ny(A) = o(DY(\) +D_(N) ' 7: L2(0By) — L2(0B)

and D4 (\) and DY () Dirichlet-to-Neumann maps for
—A—Xand —A+ V — Xon B, and BS.

Note: £ continuous for t > 0, although Ns, — Ng, step function
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Example 3: j-potentials on hypersurfaces
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Example 3: j-potentials on hypersurfaces

~C

@ Q, bdd. domainin R", C := 02, smooth, Q_ :=Q}
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Example 3: j-potentials on hypersurfaces

~C

@ Q. bdd. domainin R", C := 02, smooth, Q_ :=Q}
@ Ve L*R"realand a,a”! € L>(C) real
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Example 3: j-potentials on hypersurfaces

~C

@ Q. bdd. domainin R", C := 02, smooth, Q_ :=Q}
@ Ve L*R"realand a,a”! € L>(C) real
Consider the pair {A; ., A} with 'free’ operator

Af = —Af+ Vf,  domA= H3(R"),
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~C

@ Q. bdd. domainin R", C := 02, smooth, Q_ :=Q}
@ Ve L*R"realand a,a”! € L>(C) real
Consider the pair {A; ., A} with 'free’ operator

Af = —Af+ Vf,  domA= H3(R"),
and the operator —A + V + ad¢ given by
Asof = —AF + VI,

e (B - ey oy, frle=fle
dom As,, = {f_ (f) e HY (R \C).afi|czau+f+|c+a,,_f,|c
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Example 3: j-potentials on hypersurfaces

~C

@ Q. bdd. domainin R", C := 02, smooth, Q_ :=Q}
@ Ve L*R"realand a,a”! € L>(C) real
Consider the pair {A; ., A} with 'free’ operator

Af = —Af+ Vf,  domA= H3(R"),
and the operator —A + V + ad¢ given by
Asof = —AF + VI,

e (B - ey oy, frle=fle
dom As,, = {f_ (f) e HY (R \C).afi|czau+f+|c+a,,_f,|c

Proposition

As.« selfadjoint and semibounded,
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Example 3: j-potentials on hypersurfaces

~C

@ Q. bdd. domainin R", C := 02, smooth, Q_ :=Q}
@ Ve L*R"realand a,a”! € L>(C) real
Consider the pair {A; ., A} with 'free’ operator

Af = —Af+ Vf,  domA= H3(R"),
and the operator —A + V + ad¢ given by
Asof = —AF + VI,

e (B - ey oy, frle=fle
dom As,, = {f_ (f) e HY (R \C).afi|czau+f+|c+a,,_f,|c

Proposition
As.« selfadjoint and semibounded, Asp = A
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Example 3: j-potentials on hypersurfaces

~C

@ Q. bdd. domainin R", C := 02, smooth, Q_ :=Q}
@ Ve L*R"realand a,a”! € L>(C) real
Consider the pair {A; ., A} with 'free’ operator

Af = —Af+ Vf,  domA= H3(R"),
and the operator —A + V + ad¢ given by
Asof = —AF + VI,

e (B - ey oy, frle=fle
dom As,, = {f_ (f) e HY (R \C).afi|czau+f+|c+a,,_f,|c

Proposition
As.« selfadjoint and semibounded, Asp = A

Oess(Asa) = [0,00) and o(Asq) N (—o0,0) finite
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Example 3: j-potentials on hypersurfaces

@ Q. bdd. domain in R", C := 99, smooth, Q_ := Q7
@ Ve L*R"realand a,a”! € L>(C) real
Consider the pair {A; ., A} with 'free’ operator
Af = —Af+ Vf,  domA= H3(R"),
and the operator —A + V + ad¢ given by
Asof = —Af + VI,

e (B - ey oy, frle=fle
dom As,, = {f_ (f) e HY (R \C).afi|czau+f+|c+a,,_f,|c

Proposition
As.« selfadjoint and semibounded, Asp = A

Oess(Asa) = [0,00) and o(Asq) N (—o0,0) finite

see [Exner et al. 80s -] [others....] for spectral properties of A; .;
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Example 3: j-potentials on hypersurfaces

@ Q. bdd. domain in R", C := 99, smooth, Q_ := Q7
@ Ve L*R"realand a,a”! € L>(C) real
Consider the pair {A; ., A} with 'free’ operator
Af = —Af+ Vf,  domA= H3(R"),
and the operator —A + V + ad¢ given by
Asof = —Af + VI,

e (B - ey oy, frle=fle
dom As,, = {f_ (f) e HY (R \C).afi|czau+f+|c+a,,_f,|c

Proposition
As.« selfadjoint and semibounded, Asp = A

Oess(Asa) = [0,00) and o(Asq) N (—o0,0) finite

see [Exner et al. 80s -] [others....] for spectral properties of A; .;
cf. [B. Langer Lotoreichik 13]
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Example 3: j-potentials on hypersurfaces

Let
EN) = (D:(N)+D-(1) ", AeC\R,

Dirichlet-to-Neumann maps D+ (A)fr |e = 9y, frale in L3(C)
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Example 3: j-potentials on hypersurfaces

Let
EN) = (D:(N)+D-(1) ", AeC\R,

Dirichlet-to-Neumann maps D+ (A)fr |e = 9y, frale in L3(C)

Theorem: For k > 73 one has
0 (Aso — A)"BKTD) — (A—\)~CFH1) € &4 (L3(R"))
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Example 3: j-potentials on hypersurfaces

Let
EN) = (D:(N)+D-(1) ", AeC\R,

Dirichlet-to-Neumann maps D+ (A)fr |e = 9y, frale in L3(C)

Theorem: For k > 73 one has

0 (Aso — A)"EHD — (A X)~CKH1) € &4 (L3(R™))
@ Spectral shift function for {As ., A}:

£(t) = Z eLiTo % (Im(Iog(Mo(t+i£))—|og(Ma(t+i€)))90/': 80/'> )
J

where Mq () = = (a€(N) — liz(¢)) (CE(N) — lp2(c)) ', and
¢ > 0 such that a(x) < cforall x € C.

4
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Example 3: j-potentials on hypersurfaces

Let
EQN) = (D) +D_(1)"', AeC\R,

Dirichlet-to-Neumann maps D4 (A\)fi x| = v, fi xlc in L2(0)
Theorem: For n = 2,3 one has

0 (Ao — AT = (A=N)"" € &1 (L2(RM)
@ Spectral shift function for {As ., A}:

£(t)= lim 1(lm(log(Mo(t + i2)) — log(Ma(t + i€))) )

e—+0 T

where M (A) = g2z (@€(A) — lizc)) (CE(X) — /Lz(c))_1, and
¢ > 0 such that a(x) < cforall x € C.

v
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Thank you for your attention
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